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ABSTRACT 


^  PiOXS  HOT  FUMSJJ  AM  MAM 


The  use  of  fused-silica  Debye-Sears  light  modulators  in 
electro-optical  array-antenna  processing  is  investigated 
theoretically  and  experimentally,  with  the  result  that  a 
significant  gain  in  signal-processing  capacity,  over  that 
which  can  be  achieved  with  liquid  light-modulators,  is  shown 
to  be  possible.  It  is  shown  that  fused-silica  light-modula¬ 
tors  would  enable  electro-optical  processors  to  be  applied 
to  square  arrays  consisting  of  more  than  30,000  elements  re¬ 
ceiving  signals  with  bandwidths  in  excess  of  150  MHz . 

The  operation  of  the  fused-silica  light-modulator  in 
the  neighborhood  of  GO  MHz  is  investigated.  Transfer  char¬ 
acteristics  between  electrical  excitation  and  spatial  modu¬ 
lation  of  light  wave  front  are  found  to  be  linear,  first-or¬ 
der  light-intensity  distributions  are  measured  and  found  to 
be  nea  ly  ideal,  and  measurements  of  bandpass  characteris¬ 
tics  show  that  light-modulator  bandwidths  which  are  50  per 
cent  of  resonant  transducer  frequency  are  easily  achieved. 
The  effects  of  internal  refraction  on  the  electro-optical 
processor  are  determined.  For  any  given  set  of  operating 
conditions,  a  unique  lower  bound  on  transducer  depth  is  es¬ 
tablished  which  minimizes  these  effects.  The  effects  of 
cross  coupling  on  closely  spaced  light-modulator  channels 
are  also  investigated  experimentally  and  results  are  found 
to  be  consistent  with  evalua cions  of  signal-processing  capa¬ 
city. 

Large  aperture— bandwidth  array— antenna  processing  is 
shown  to  result  in  non-separable  optical  transmission  func¬ 
tions  for  which  the  diffraction  patterns  are  determined  here 
for  the  first  tine.  Evaluation  is  also  made  of  signal  to 
noise  degradation  which  would  occur  in  this  case,  it  is 
shown  that  this  degradation  would  not  be  a  limiting  factor 
in  the  electro-optical  processor. 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEAPCH  LABORATORIES 


AUTHORIZATION 


The  research  described  in  this  report  was  performed 
at  the  Electronics  Research  Laboratories  of  Columbia 
University.  This  report  was  prepared  by  J.  Minkoff . 

This  project  is  directed  by  the  Advanced  Research 
Projects  Agency  of  the  Department  of  Defense  and  is 
administered  by  the  Air  Force  Office  of  Scientific  Re¬ 
search  under  Contract  AF  49 (638)-l478 . 


Submitted  byj 


L .  Lambert 
Assistant  Director 


Approved  by* 

I 


Director 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


TABLE  OF  CONTENTS 


Page 


1 


2. 


3. 


ABSTRACT 


INTRODUCTION  AND  SUMMARY  1 

1 . 1  INTRODUCTION  1 

1.2  RESEARCH  OBJECTIVES  AND  RESULTS  1 

1.3  INVESTIGATIONS  AND  CONTRIBUTIONS  1 


REVIEW  OF  ELECTRO-OPTICAL  SIGNAL  PROCESSING 

FOR  ARRAY  ANTENNAS  6 


2.1  THE  ELECTRO- OPTICAL  CONFIGURATION 


2.2  LINEAR  ARRAY  ANTENNA; 

PLEXING 

2.3  LINEAR  ARRAY  ANTENNA: 

2.4  PLANAR  ARRAY  ANTENNA 


SPATIAL  MULT I - 

13 

TIME  MULTIPLEXING  I<J 


LITE RATO RE  SEARCH 


3. 1  ELECTRO-OPTICAL  AND  ELECTRONIC  PROCESS¬ 

ING  FOR  ARRAY  ANTENNAS  29 

3.2  LIMITATIONS  ON  ELECTRO- OPT I CAL  ARRAY 

ANTENNA  PROCESSING  30 

3.2.1  Acoustic  Attenuation  31 

3.2.2  Internal  Refraction  32 

3.2.3  Transducer  Limitations  33 

3.2.4  Ultrasonic-Beam  Broadening  and 

Cross-Channel  Coupling  33 

3.3  ULTRASONIC  DIFFRACTION  OF  LIGHT  IN 

SOLID  MEDIA  34 

3.3.1  Birefringence  and  Light  Polariza¬ 
tion  35 

3-3-2  Shear  and  Compression  Modes  35 

3.4  LARGE  APERTURE-BANDWIDTH  ARRAY-ANTENNA 

PROCESSING  36 


— vi  i— 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


ULT“?°NIC  diffraction  of  light  in  amorphous 

SOLID  MEDIA 


4.1  BEHAVIOR  OF  ELECTROMAGNETIC  PLANE  WAVES 

IN  HOMOGENEOUS  ANISOTROPIC  MEDIA 

4.2  STRESS  AND  STRAIN  BIREFRINGENCE:  THE 

STRAIN-OPTIC  CONSTANTS 

4.3  RELATIONSHIP  BETWEEN  PIEZOELECTRIC- 

TRANSDUCER  VIBRATION  AND  SPATIAL 
VARIATION  OF  INDEX  OF  REFRACTION  FOR 
AMORPHOUS  MEDIA 

4.3.1  Transverse  Vibrations  Along 

Optic  Axis 

4.3.2  Transverse  Vibrations  Normal 

to  Optic  Axis 

4.3.3  Longitudinal  Vibrations 

4.4  OPTIMUM  LIGHT  POLARIZATION  AS  A  FUNCTION 

OF  MODE  OF  PROPAGATION 

4.4.1  Shear  Mode 

4.4.2  Compression  Mode 

4.5  SUMMARY  AND  COMPARISON  OF  TRANSFER 

CHARACTERISTICS 

OPTIMIZATION  OF  DESIGN  OF  ELECTRO-OPTICAL 
ARRAY- ANTENNA  PROCESSOR  USING  FUSED-SILICA 
LIGHT-MODULATOR  MEDIUM 

5.1  SIGNAL- PROCESSING  CAPACITY  AND  APERTURE- 

BANDWIDTH  PRODUCT 

5.2  LIMITATIONS  ON  SIGNAL- PROCESSING  CAPACITY 

5.2.1  Acoustic  Attenuation 

5.2.2  Internal  Refraction 

5*2.3  Limitations  Imposed  by  Ultrasonic 
Transducer 

5.2.4  Limitations  Imposed  by  Ultrasonic- 
Beam  Broadening  and  Crosa- 
Channel  Coupling 


Page 

38 

39 
41 

44 

44 

46 

54 

57 

60 

61 

62 

65 

66 
68 

68 

69 

84 

86 


-viii- 


COLUMBIA  UNIVERSITY — ELECTRONICS  RESEARCH  LABORATORIES 


2AgLE  OF  CONTENTS  (CONT'D. ) 


Page 

5.  3  MAXIMIZATION  OP  SIGNAL- PROCESSING 
CAPACITY :  TRANSDUCER  LIMITED 
5.4  MAXIMIZATION  OP  SIGNAL- PROCESSING 

CAPACITY:  PUS  ED- SILICA  MEDIUM  04 

5.  5  SUMMARY  AND  CONCLUSIONS  bp 


6. 


7. 


LIGHT-DIFFRACTION  PATTERNS  PRODUCED  BY  NON- 
SE PARABLE  OPTICAL  TRANSMISSION  FUNCTIONS 

6.1  LINEAR  ARRAY:  SPATIAL  MULTIPLEXING 

6.1.1  Interpretation  of  Diffraction 

Pattern*:  Large  and  Small 
Aperture-Bandwidth  Linear 
Array* 

6.2  LINEAR  ARRAY:  TIME  MULTIPLEXING 

6. 3  PLANAR  ARRAY  ANTENNA 

6.3.1  Interpretation  of  Diffraction 

Pattern*:  Large  and  Small  Aper¬ 
ture-Bandwidth  Planar  Array* 

6.4  SIGNAL  TO  NOISE  DEGRADATION  IN  LARGE 

APERTURE- BANDWIDTH  ELECTRO-OPTICAL 
ARRAY-AKTEKKA  PROCESSORS 


100 

101 


115 

120 

127 

138 

HI 


6.4.1  Light  Diffraction  by  Random 

Signal* 

6.4.2  Evaluation  of  Signal  to  Noise 

Degradation 


143 

160 


6.5  SUMMARY  AND  CONCLUSIONS 


167 


EXPERIMENTAL  INVESTIGATIONS 


169 


7.1  DESCRIPTION  OP  MEASUREMENT  APPARATUS  170 

7.2  BASIC  SYSTEM  MEASUREMENTS  1^1 


-ix- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


TABLE  OF  CONTENTS  fcOMyin, ) 


7.2.1  Measurement  of  Light-Intenai ty 

Diatribution  in  Image  Plane 

7.2.2  Measurements  Using  fchlieren 

Techniques 

7.3  ULTRASONIC  LIGHT-DIFFRACTION  EXPERIMENTS 
IN  AN  AMORPHOUS  SOLID  MEDIUM 

7.7.1  Elimination  of  Standing  Waves 

7.3.2  Measurement  of  Transfer  Charac¬ 

teristics 

7.3.3  First-Order  Diffraction  Patterns 

Obtained  vi,h  Fused-Silica 
Light  Modulator 

7- *  FUSED-SILICA  LIfflIT-fttOULATOR  EXPERIMENTS 
RELATED  TO  EVALUATION  OF  SIGNAL- PRO¬ 
CESSING  CAPACITY 

7.*.1  Measurement  of  Light -Module tor 
Bandwidth  . 

7. * . 2  Internal -Re fraction  Effects  1 

Determination  of  Lower  Round 
on  Transducer  Depth 
7.*.  3  Experimental  Studies  of  Ultra¬ 
sonic-Beam  Broadening  and 
Cross-Channel  Coupling 

7.5  SUMMARY  AND  CONCLUSIONS  Of  EXPERIMENTAL 
WORK 


APPENDIX  A  BEHAVIOR  OF  ELECTROMAGNETIC  PLANE 

WAVES  IN  HOMOGENEOUS  ANISOTROPIC 
MEDIA 

APPENDIX  B  THE  PHCTOCLASTIC  MATRIX  FOR  AMOR¬ 
PHOUS  MEDIA 

APPENDIX  C  DETERMINATION  OF  R(u  ,v  )  s  RAND- 

LIMITED  CASE 

APPENDIX  D  OPTIMIZATION  OF  DESIGN  02  FUSED- 
SILICA  LIGHT  MODULATOR t  SUMMARY 
OF  RESULTS 

REFERENCES 


18  i 

189 

196 

196 

203 

206 

213 

213 

21* 

218 

227 

229 

2*2 

2^2 

257 

265 


-x- 


t 


* 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


LIST  OF  FIGURES 


Fiqure  No. 

Title 

Paqe 

2. 1-1 

Schematic  Diagram  of  Coherent  Optical 
Configuration 

i 

2. 1-2 

Single-Channel  Debye- Sear*  Light  Mod¬ 
ulator 

10 

2.2-1 

Linear  Array  Showing  Delayed  Pulae  Am¬ 
plitudes 

in 

2.2-2 

M -Channel  Debye-Sears  Light  Modulator 

16 

2.2-3 

N  Spatially-Multiplexed  Linear-Array 
Signalst  Small  Aperture-Bandwidth 
Product 

18 

2.3"! 

Time  Multiplexing:  Linear  Array 

20 

2.3-2 

Sequence  of  Time-Multiplexed  Pulses  in 
Single-Channel  Debye- Sears  Light 
Modulator 

23 

2  4-1 

Planar  Array  with  Incident  Plane  Wave 

25 

2.  *-2 

Time  Multiplexing  Signals  from  pth 

Column  of  Planar  Array 

26 

2.  *-3 

N  Spatially-Multiplexed  Sequences  of 

M  Time -Multiplexed  Signals:  Pmall 
Aperture-Bandwidth  Planar  Array 

28 

*•3-1 

Elementary  Light -Modulator  Configura¬ 
tion 

*5 

*.  3-2-1 

Diagram  Showing  Effect  of  Shear  Strain 
on  Ellipsoid  of  Wave  Normals 

49 

*•3.3-1 

Diagram  Showing  Effect  of  Compressional 
Strain  on  Ellipsoid  of  Wave  Normals 

55 

*.3.3-2 

Photoelastic  Interpretation  of  Ultra¬ 
sonic  Diffraction  in  Liquids 

58 

xi- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


LIST  OF  FIGURES  (CONT'D.) 


Figure  No. 
5.2.  1-1 

5.2.  1-2 
5. 2. 2-1 
5. 2. 2-2 
5.  2. 2-3 
5.  2.  2-4 
5. 2. 4-1 

6. 1-1 

6. 1-2 
6.1-3 

6.1- 4 

6. 1- 5 


Title  Page 


Acoustic-Loss  Characteristics  for  Var¬ 
ious  Solids  (Lamb,  Redwood,  Shtein- 
shleifer,  1959)  70 

Effects  of  Acoustic  Attenuation  on  Dif¬ 
fraction  Patterns  (Lambert  1965)  73 

Effect  of  Refractive- Index  Variation  on 

Direction  of  Light  Wave  Front  72 

Trajectories  of  Rays  Across  Ultrasonic 

Beams  Normal  Light  Incidence  74 

Transducer  Depth  (L)  vs  7  for  Shear 

Mode  82 

Transducer  Depth  (L)  vs  7  for  Compres- 

s ion  Mode  83 

Ultrasonic  Diffraction  in  a  Spatially- 
Multiplexed  Debye-Sears  Light  Modu¬ 
lator  88 

Linear  Array  Showing  Delayed  Pulse  Am¬ 
plitudes  102 


N-Channel  Debye- Sears  Light  Modulator 

N  Spatially-Multiplexed  Linear-Array 
Signals:  Large  Aperture-Bandwidth 
Product 


graph  of 


sin  7rN(3v  -  A) 
sin  7r(0v  -  A) 


graph  of 


sin  7rN(3v  -QAu  -7) 
sin  tt(0v  -QAr.  -7) 


105 

107 

111 

113 


6. 1-6  Positive  First-Order  Light  Intensity: 

Spatially -Multiplexed  Large  Aperture- 
Badnwdith  Linear  Array  (N  Elements)  114 


-xii- 


COL.UMBI A  UNIVERSITY— ELECTRONiCS  RESEARCH  LABORATORIES 


LIST  OF  FIGURES  (CONT’D.) 


Figure  No. 

6. 1-7 


6.2-1 

6.2-2 


6.2-3 

6.2- 4 

6.3- 1 

6.3- 2 

6.3- 3 

6.3- 4 

6.  3.  l-l 

6. 4. 1- 1 

6.4. 1- 2 


Title 


Null  Patterns  and  Location  of  Peak 
Intensities:  Large  and  Small 
Aperture-Bandwidth  Spatially-Mul¬ 
tiplexed  Linear  Arrays 

Time  Multiplexing:  Linear  Array 

Sequence  of  Time-Multiplexed  Pulses 
in  Single-Channel  Debye-Sears  Light 
Modulator 


graph  of 


sin  rrN(ud  +7) 
sin  (7Tcg  +  7) 


Page 


119 

121 


123 

126 


Diffraction  Pattern:  Time-Multiplexed 

Linear  Array  (N  Elements)  128 


Planar  Array  with  Incident  Plane  Wave  129 

Time  Multiplexing  Signals  from  pth 

Column  of  Planar  Array  I3I 

N  Spatially-Multiplexed  Sequences  of 
M  Time-Multiplexed  Signals:  Large 
Aperture-Bandwidth  Planar  Array  134 

Positive  First-Order  Peak  Light  In¬ 
tensity:  Largo  Aperture-Bandwidth 
Planar  Array  137 

Null  Patterns  and  Location  of  Peak 
Intensities:  Large  and  Small 
Aperture-Bandwidth  .'lanar  Arrays  142 


Diagram  for  Evaluation  of  an  Integral 
Diagram  for  Evaluation  of  an  Integral 


158 

159 


-xiii- 


f 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


Fiqure  No. 

Title 

page 

7.1-1 

Schematic  Diagram  of  Coherent  Optical 
System 

171 

7.1-2 

Coherent  Optical  System 

172 

7.1-3 

T-Support  for  Optical  Table  and  Damp¬ 
ing  Mounts 

173 

7.1-4 

Spreader-Lens  Assembly 

174 

7.1-5 

Collimation  of  Laser  Beam 

176 

7.1-6 

Details  of  Collimated  Light  Region 

177 

7.1-7 

xy-Stagoi  Scanning-Mechanism  Df tails 

179 

7.1-8 

Scanning-Mechanism  Assembly 

180 

7. 2. 1-1 

Schematic  Representation  of  Fine  Struc¬ 
ture  for  Ideal  Zero-Order  Light  Dis¬ 
tribution 

182 

7.  2. 1-2 

Schematic  Diagram  of  Apparatus  for 
Measuring  Spatial  Light- Intensity 
Distribution 

183 

7. 2. 1-3 

Output  Focal-Plane  Light  Intensity 
Distribution  Along  x.  Coordinate 
with  3"  x  3"  Aperture 

184 

7. 2. 1-4 

Output  Focal-Plane  Light- In tensity 
Distribution  Along  yA  Coordinate 
with  2"  x  2"  Aperture 

135 

7.2. 1-5 

Ideal  Zero-Order  Light-Intensity  Dis¬ 
tribution  for  Aperture  of  Length  D 
(Scan  Along  u  Axle) 

l&T 

7.2. 1-6 

Scattered  Light  Level  of  Optical  System 

138 

I 


-xiv- 


- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


ive  No, 


Title 


Page 

190 


7. 3- 1-1 

7. 3. 1- 2 

7.  3.2-1 
7.  3.2-2 

7. 3.2- 3 


Schlieren  Photographs  of  Reflections 
trom  36  deg  Wedge  Showing  EffectB  of 
Silver  Paint  Absorber  201 

Photograph  of  Pirst-Order  Diffraction 
Pattern  Showing  Absence  of  Reflections 
from  Observation  Region  202 

System  for  Measuring  Diffracted  Light 

Intensity  2Q5 

Peak  Phase  Modulation  vs  Peak  Input 
Voltage  for  a  Fused-Silica  Light 
Modulator  Employing  Shear-Mode  ocrr 

Transducer  ' 

Peak  Phase  Modulation  vs  Peak  Input 
Voltage  for  a  Fused-Silica  Light 
Modulator  Employing  Comprestion- 
Mode  Transducer  ono 


-xv- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


LIST,  OF  FIGURES  fCOWT»D.  ) 


Figure  No. 

7.3. 3-1 
7.  3.  3-2 
7. 4. 1-1 


7.4. 1-2 


7. 4. 2-1 


7.4. 3-1 


7. 4. 3-2 


7. 4. 3-3 


7. 4. 3-4 


7.4. 3-5 


IU1®  Page 

Positive  Firat-Order  Light  Intenaity  211 

Zero-Order  Light  Intanaity  21? 

of  TUMd-Silic* 

”“|ulator  ^"Ploying  Ultrasonic 
Shear  Mode 

Bandpaaa  Oharactariatica  of  Fuaed-Silica 

Mofulator  Employing  Ultraaonic 
Compreaajon  Mode 

Normalized  Effective  Fhaae  Modulator  va 
Tranaducer  Depth 

Schlierer  Photographic  Study  Showing 
Extent  of  Beam  Broadening 

Shear-Mode  Tranaducer  1  Schlieren  Photo¬ 
graphic  Study  of  Croaa  Coupling 

C°^:*,i0n:”0de  Tranaducer  t  Schlieren 
Photographic  Study  of  Croaa  Coupling 


216 
219 
221 
223 
224 

Shear-Mode  Tranaducer:  Schlieren  Photo¬ 
graphic  Study  of  Croaa  Coupling  22^ 

COpw*,ionC?ode  Tranad,,cart  Schlieren 
Photographic  Study  of  Croaa  Coupling  226 


i 


-xvi- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


I.  INTRODUCTION 

1  •  1  RESEARCH  OBJECTIVES  AND  RESULTS 

The  object  of  the  research  for  this  thesis  has  been 
to  investigate  the  operation  of  wideband  fused-silica  Debye- 
Sears  light  modulators  and  to  consider  their  application  to 
electro-optical  array-antenna  processing. 

The  use  of  liquid  Debye  -Sears  light  modulators  in 
electro-optical  array  antenna  processing  has  already  been 
investigated.  Electro-optical  processors  using  liquid  media 
have  been  synthesized,  and  it  has  been  shown  that  this  me¬ 
thod  of  array-antenna  processing  results  in  significant  ad¬ 
vantages  over  purely  electronic  signal  processing  schemes 
employing  phase  shifting  networks  or  delay  lines.  The  rea¬ 
son  for  considering  the  use  of  fused  silica  is  that,  because 
of  its  lower  acoustic  attenuation,  this  medium  will  permit 
operation  at  significantly  higher  frequencies  than  are  pos¬ 
sible  in  liquids.  For  a  given  optical  aperture  size,  the 
capacity  of  this  electro-optical  array-antenna  processor  is 
limited  by  the  high- frequency  capability  of  the  Debye-Sears 
light  modulator,  and  it  will  be  shown  that  the  use  of  fused 
silica  would  permit  electro-optical  processors  to  be  applied 
to  array  antennas  .ith  aperture-bandwidth  products  more  than 
ten  times  larger  than  those  which  could  be  processed  with 
the  use  of  liquids. 

1.2  INVESTIGATIONS  AND  CONTRIBUTIONS 

This  conclusion,  concerning  the  increase  in  process¬ 
ing  capacity  which  could  be  obtained  with  the  use  of  fused 
silica,  has  been  drawn  from  the  following  theoretical  and 
experimental  results. 

4* 
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1.  The  transfer  characterise*,  relating  electri¬ 
cal  excitation  with  the  resulting  spatial  phaae  modulation 
of  the  light  wave  front,  were  derived  for  a  general  amor¬ 
phous-solid  Debye -Sears  light  modulator  for  both  shear  and 
compression  modes.  The  derivations  included  the  effect  of 
the  light  polarization  on  the  operation  of  the  light  modu¬ 
lator  which  must  be  considered  because  of  stress  birefring¬ 
ence.  This  result  exhibits  the  differences  between  solid 
and  liquid  light  modulators,  since  in  liquids  only  compres¬ 
sion  waves  are  possible  and  the  operation  is  independent 
of  the  light  polarization.  The  relevant  experiments  in  this 
case  were  concerned  with  verifying  that,  for  both  modes  of 
sonic  propagation,  the  relationship  between  electrical  ex¬ 
citation  and  phase  modulation  is  linear. 

2.  First-order  light  intensity  distributions  re- 
•ult^ng  from  diffraction  of  light  by  ultrasonic  waves  in 
fused  silica  were  measured  and  found  to  be  nearly  ideal. 
Since  degradations  in  optical  quality  resulting  from  imper¬ 
fections  such  as  residual  internal  stresses  and  surface  ir¬ 
regularities  will  cause  distortion  ir.  diffraction  patterns, 
these  measurements  also  serve  to  establish  the  general  fea¬ 
sibility  of  the  use  of  fused  silica  in  electro-optical  pro¬ 
cessing. 

3.  Light-modulator  bandwidths  were  measured  for 
both  shear  and  compression  modes.  It  was  found  that  light- 
modulator  bandwidths  which  are  50  per  cent  of  the  resonant 
ultrasonic  transducer  frequency  can  be  obtained  in  fused 
silica  without  additional  transducer  loading. 
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4.  The  effect  of  Internal  refraction  waa  consid¬ 
ered.  Por  any  given  set  of  operating  conditions  a  unique 
lower  bound  on  transducer  depth  was  established,  theoreti¬ 
cally,  for  minimising  this  effect.  This  result  was  veri¬ 
fied  experimentally. 

5-  Experiments  related  to  the  necessary  transducer 
spacing  in  a  multi-channel  light-modulator  configuration 
were  performed.  The  results  were  found  to  be  consistent 
with  evaluations  of  processing  capacity. 

On  the  basis  of  these  theoretical  and  experi¬ 
mental  results,  the  design  of  the  electro-optical  array-an¬ 
tenna  processor  using  a  fuaed-silica  light  modulator  was 
optimized  with  regard  to  maximizing  the  processing  capac¬ 
ity.  The  analysis  assumed  a  square  planar  array  and  a  max- 
ip-xm  optical  aperture  width  of  6  in. 

Two  separate  cases  were  considered.  In  the 
first,  the  use  of  piezoelectric  quartz  crystal  transducers 
was  assumed  for  which  an  improvement  of  a  factor  of  10  in 
processing  capacity  over  that  which  could  be  obtained  with 
liquids  was  shown  to  be  possible.  In  this  case  the  im¬ 
provement  was  limited  by  the  maximum  transducer  frequency 
and  did  not  represent  the  limits  which  could  be  achieved 
with  the  fused-silica  medium. 

A  second  case  was  considered  in  which  the  trans¬ 
ducer  limitations  were  removed.  It  was  found  that,  Ideally, 
an  improvement  of  a  factor  of  30  would  represent  the  maxi¬ 
mum  which  could  be  achieved  with  this  medium.  In  this  an¬ 
alysis  the  maximum  frequency  was  in  the  neighborhood  of  55Q 
MHz  which,  although  no  experiments  were  performed,  would 
theoretically  be  possible  with  the  use  of  evaporated  thin 
film  transducers. 
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Xn  the  optimization  of  the  deeign  of  the  light 
modulator  it  waa  nacaaaary  to  conaidar  tha  ralationahip  be- 
twcen  procaaaing  capacity  and  the  aioda  of  ultraaonic  propa¬ 
gation.  It  waa  found  that! 

6.  for  any  fixed  frequency  tha  raoda  with  the  lower 
aonic  velocity  will  raault  in  a  greater  procaaaing  capacity. 
However,  although  the  aonic  velocity  of  compreaaion  wavea 

la  greater  than  that  of  ahear  wavea,  the  compreaaion  mode 
will  permit  operation  at  aignif icantly  higher  frequenciee. 

It  waa  found  in  fact  that  the  extant  of  tha  difference  in 
high-frequency  capability  for  the  two  modee  waa  auch  that 
a  larger  procaaaing  capacity  could  be  obtained  with  the 
uae  of  compreaaion  wavea .  Thu a  In  thie  application  tha 
compreaaion  mode  ia  optimal. 

It  waa  alao  nacaaaary  to  conalder  the  problem 
of  the  extraction  of  infoneation  in  thie  electro-optical 
proceeeor  under  large  aperture-bandwidth  condi tiona.  With 
regard  to  tha  apacific  reeultei 

7.  A  non-eeparable  complex  optical  trcneadeeion 
function  waa  ahown  to  occur  under  large  aperture-bandwidth 
conditiona.  The  diffraction  patterne  which  would  occur  in 
thia  caae  were  determined  and  their  proper  interpretation, 
with  regard  to  tha  extraction  of  angle  information,  waa  ee- 
tabliahed. 

8.  A  degradation  in  peak  elgna* -to-noiae  ratio  waa 
ahown  to  occur  in  large  aperture-bandwidth  procaaaing.  Thia 
degradation  waa  evaluated  by  firat  deriving  a  mathematical 
model  deacrlbing  the  light  inteneity  patterne  produced  by 
random  ultraaonic  dlaturbancea.  It  waa  found  that  thia 
model  waa  cone  latent  with  the  operation  of  the  electro-op- 
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tical  procaaaor  aa  a  spectrum  analyrar.  On  tha  basis  of 
thia  analyala  tha  dagradation  of  paak  aignal-to-noiaa  ra¬ 
tio  waa  evaluated,  It  waa  found  that  thla  dagradation 
would  not  ba  a  limiting  factor  for  aithar  tha  plan  a  r -a  r- 
ray  or  tha  tlma-multiplexed  linear-array  configurations} 
the  uaa  of  apatial  multiplexing  in  linear-array  process - 
ing  however  could  introduce  aignificant  dagradation  in 
tha  larg*  aperture- bandwidth  case. 

In  all  caaea ,  the  raaulta  concerning  a.jpllcstions  to 
electro-cptical  procaaaing  of  array  antannaa  considered  a 
procaaaor  configuration  which  haa  already  bean  established 
for  the  electro-optical  proceaaora  which  have  been  eyntbe- 
aired.  For  reference  purpoeea  therefore,  it  waa  neceaaary 
to  include  aoM  previoualy  aatabliahad  raaulta.  The  sec¬ 
tions  which  contain  auch  material,  which  does  not  represent 
original  contributions  of  thia  research,  will  ba  Indicated 
in  the  introductions  to  the  chapters  in  which  they  appear. 

It  is  also  noted  that  Appendices  A  and  B  do  not  present  new 
results  but  are  Included  for  coag>letenesa. 

The  following  two  chapters  present  a  review  of  elec¬ 
tro-optical  array- antenna  processing  and  the  results  of  a 
literature  search  of  the  topics  relevant  to  this  research. 

In  Chap,  k  the  transfer  characteristics  of  fused-aillca 
light  modulators  are  derived.  The  optimization  of  the  de¬ 
sign  of  the  electro-optical  array-antenna  processor  and 
the  evaluation  of  its  processing  capacity  is  dealt  with  in 
Chap.  5.  A  summary  of  these  results  in  concise  form,  pre¬ 
senting  relationships  between  the  important  system  param¬ 
eters,  is  also  included  aa  a  special  appendix  (D).  Chap¬ 
ter  6  deals  with  the  extraction  of  information  in  large 
aperture-bandwidth  electro-optical  array-antenna  process¬ 
ing,  and  representative  examples  of  the  experimental  data 
which  were  obtained  in  thia  research  are  presented  in  Chap. 7. 
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Thi«  section  prtaenta  *  review  of  the  electro-optic*! 
processor*  employing  D*  bye- Sears  light  Modulators  (Debye  end 
Seers  1932)  vhich  hav*  been  syn  the  sired  (Lanbert  1965).  In¬ 
cluded  is  s  description  of  the  bssic  electro-optical  config¬ 
uration  end  the  necessary  eodif icetions  which  have  been  de¬ 
veloped  to  provide  for  signal  processing  of  array  antennas 
Leaabert,  Ana,  Aiiaette  1965). 

2  * 1  FZ-IUSIN  QPTI&L 

Ths  electro-optical  processors  for  array  antennas 
which  have  been  synthesized  stake  use  of  the  Debye-Sears  ef¬ 
fect  in  a  liquid.  In  the  Debye-fears  effect  a  be#*  of  light 
is  spatially  phase  modulated  by  an  ultrasot.  c  disturbance 
in  a  transparent  *#diu*.  In  this  application,  by  aieans  of 
the  spatial -multiplexing  and  tisM-aul  tiplexing  processes, 
an  ensemble  of  ultrasonic  signals  is  formed  in  the  Debye- 
Dears  light  modulator  vhich  is  located  in  the  object  plane 
of  a  coherent  optical  configuration  (Fig.  2.1-1).  Thus 
the  ultrasonic  signal  enseatble  serves  as  the  complex  opti¬ 
cal  transmission  function  (  Cheatham  195*,  Cutrona  I960)  of 
the  coherent  configuration  and,  for  a  light  eource  produc¬ 
ing  a  plane  wave  of  constant  amplitude  over  the  optical  ap¬ 
erture,  the  light  distribution  in  the  image  plane  la  given 
by  (Bom  and  Wolf  19$*) , 


0’(u,v)  •  K  J  j  T(x,y) 
x  y 


,)*(*./>  ^  „y 


(2.1-1) 
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2|-1  SCHEMATIC  DIAGRAM  0 *  COHERENT  OPTICAL  CONFIGURATION 
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and  integration  is  performed  over  the  entire  optical  aperture 
Whose  spatial  variables  are  x  and  y. 

The  output  variables  in  the  image  plane  are  given  by? 


where  and  y^  are  spatial  variables  with  the  same  units 

as  x  and  y,  and: 


A  «  light  wavelength 


It  is  sometimes  convenient  to  include  the  optical  ap¬ 
erture  dimensions  in  the  amplitude  of  the  transmission  func¬ 
tion,  T(x,y).  In  addition,  it  will  be  seen  that  the  rela¬ 
tive  spatial  light  distribution,  which  can  be  defined  as: 


is  the  qua  ity  of  interest  in  this  method  of  signal  processing 


•will 
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Thus,  Eq.  2.1-1  can  also  be  written  : 


«(u,v)  -  .  /  J  T(x,y)  e-J2^ux  e-j2wy  ^ 

K  —00  —  00  x 

(2.1-2) 


Consider  a  single  channel  liquid  light  modulator  (Pig. 
2.1-2).  The  piezoelectric  transducer,  which  has  been  cut 
to  vibrate  in  the  longitudinal  (comprcssional)  mode,  will, 
when  excited  by  an  electrical  signaJ ,  gererate  a  traveling 
pressure  wave  in  the  liquid  medium  with  characteristic  speed 
S.  For  a  sinusoidal  input  of  frequency  f^  it  can  be 
shown  (Raman  and  Nath  1936,  Phariseau  1956)  that  the  pres¬ 
sure  Vave  will  cause  spatial  perturbations  of  refractive  in¬ 
dex  so  that,  at  some  instant  of  time,  the  index  of  refrac¬ 
tion  n(x)  can  be  written: 


,  \  f<x 
n(x)  «  n  -  U  sin  2n  -- 

0  S 


(2.1-3) 


where : 


-  equilibrium  value  of  index  of  refraction 


peak  voltage  of  electrical  signal  at  ultrasonic 
transducer 


constant 


In  this  electro-optical  processor  conditions  are  such 
that,  to  a  first  approximation,  a  ray  of  light  normal  to  the 
surface  of  the  light  modulator  will  experience  a  uniform  in¬ 
dex  of  refraction  in  propagating  through  the  medium  (Raman 


5  < 


f  #  • 


.  '  ‘  •• 


'  •  •  •  .s'  ;  ,  ‘ 

.  /  '  1  **  f  '*•  . 
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A-321*  S-Q282 


FIG.  2.1-2  SINGLE- CHANNEL  DEBYE  -  SEARS  LIGHT  MODULATOR 
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and  Nath  1936).  Thus  in  this  case,  if  the  incident  light  is 
a  plane  wave,  the  emerging  wave  front  will  have  a  sinusoidal 
spatial  phase  variation  with  the  peak  phase  deviation  given 
by  (Raman  and  Nath  1936) s 

*  .  i™L 

and 

X  *  light  wavelength. 


L  =  length  of  light  path 

(depth  of  ultrasonic  transducer) 

It  is  seen  therefore  that  for  an  aperture  of  length  D  (dimen¬ 
sion  in  the  direction  of  sonic  propagation)  and  width  b,  the 
complex  transmission  function  at  some  instant  of  time  iss 


T(x,y) 


j*(x,y) 


rect  ( £  )  e 


jV'sin  2mfx 


m 


rect  (  ^ ) 


(2.1-4) 


where 


1  \z  |<  | 

0  otherwise 


f 


spatial  frequency  (cycles  per  meter) 


Now  in  this  electro-optical  processor  measurement  of 
the  light  distribution  is  done  by  means  of  photo detectors. 
Therefore  the  output  light  intensity,  |  G(u,v)  |2,  is  actu¬ 
ally  what  is  observed.  In  addition,  the  relationships 
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Df  »  1  will  always  hold.  Hence,  making  use  of  the  identity: 


e 


j^msin  27rfx 


b 

pE  -00 


J  (tf  )® 
pv  rm' 


jgrrpfx 


where  Jp(^m)  is  the  p  order  Bessel  function  with  argument 
*s  easily  shown  that: 


I  G(u,v) 


sin  rrbv' 


7rbv 


00 


I  *  —00 


(■ 


W  —  £i=2§l)  (f.l-5) 


7rD(u-pf] 


Thus  the  sinusoidal  phase  modulation  of  the  light  wave 
front  gives  rise  to  an  infinite  number  of  positive  and  nega¬ 
tive  diffraction  fringes.  It  will  be  seen  however  that 
only  the  first-order  light  intensity  is  of  interest  and,  in 
fact,  it  is  desirable  to  suppress  all  higher  orders.  Consid¬ 
ering  the  faction  Jp(^m)  ,  it  is  well  known  that  for  small 

V  Jq(*n)  Z  7q~  ’  and  therefore:  J  Z  1,  J  ~ 

J2~”g~  etc.  Hence,  using  this  relationship,  it  has  been 
shown  (Lambert  1962)  that  if  *m  <  .2  all  diffraction  orders 
for  P  >  1  can  be  neglected  and  the  relative  output  light 
intensity  becomes: 


|  G(u,v)  lg«(b  sin  *  (d  sin  ttDu 


7Tbv 


J 


7TDu 


b  sin  7rbv 
7rbv 


m 

T 


D  sin  7rD(u-f) 
KD(u-f) 


D  sin  7TP(u+f) 
7rD  (  U+f  ) 
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T(x, 


i  z 

For  small  z,  eJ  "  1  +  jz.  Thus,  because  of  the  con¬ 
straint  (^m  <  .2)  on  peak  phase  deviation,  Eq.  2.1-4  can 
be  written: 

y)  e^(x>y)  -  rect(^)  rect(-j^) 

2 

and  the  positive  first  order  light  intensity,  |  G  (u,v)  |  , 

which  in  this  case  is 

I  n  V'  I  2  -  !p!  (h  sin  8  fp  °in  TrD(u-f)  ) 2  .  g, 

1  4  \  rrbv  /  \  rrO(u-f)  /  ’  [  '  ' 


1  + 


j27rfx  -j2rrfx' 


-e 


(2.1-7) 


is  seen  to  result  from  a  complex  optical  transmission  func¬ 
tion  given  by: 


,  x  j^,(x,y) 

Tx(x,y)  e  1 


rect 


j2?rfx 

e  rect  (~ ) 

b 


(2.1-9) 


2. 2  LINEAR  ARRAY  ANTENNA:  SPATIAL  MULTI°T.rofTMr: 

A  plane  wave  incident  at  an  angle  9  on  a  linear  ar¬ 
ray  antenna  whose  elements  are  separated  by  a  distance  5 
will  cause  signals  to  appear  at  the  antenna -element  outputs 
with  incremental  time  delay  between  adjacent  outputs  given 
by  (Fig.  2.2-1): 


c 

where  c  =  the  velocity  of  electromagnetic  propagation,  and 
angle  information  is  contained  in  the  incremental  time  delay 
At.  For  a  signal  of  duration  T,  if  the  aperture  bandwidth 
product  is  small  then: 


T  »  N  |  AT  | 


max 


(2.2-1) 
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where  N  is  the  number  of  elements  in  the  array.  Under  these 
conditions,  the  displacement  in  pulse  amplitudes  can  be  ig¬ 
nored  to  a  good  approximation  (Lambert,  Arm,  Aimette  1965# 
Lambert  1965)* end  the  angle  information  can  be  considered  to 
be  contained  in  the  incremental  phase  shift  between  adjacent 
carriers  which  is  given  by: 

&<t>  -  2nf^x  (2.2-2) 


where  1 

fr  ■  carrier  frequency  of  received  signal  *  f ,  +  f^ 
f  *  carrier  frequency  of  transmitted  signal 
f^  »  Doppler  frequency 

After  amplification  and  heterodyning,  these  signals 
are  used  to  excite  the  piezoelectric  transducers  of  an 
N-chanr.el  Debye-Sears  light  modulator  (Fig.  2.2-2)  which  is 
located  in  the  aperture  of  a  coherent  optical  configuration 
(Fig.  2.1-1). 

In  the  light  modulator  the  spatial  frequency  of  the 
ultrasonic  signals  is: 

f . 

f  «  —g-  (cycles  per  meter) 


where 


f^  =  frequency  of  electrical  signals 

exciting  piezoelectric  transducers 


S  =  sonic  velocity 


-15- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


FIG.  2.2-2  N  -  CHANNEL  DEBYE  -  SEARS  LIGHT  MODULATOR 


m 
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and 


hm  £o  +  fd 


fQ  ■  intermediate  frequency. 

Since  the  incremental  displacement  in  pulse  amplitudes 
is  ignored  in  this  approximation,  the  N  spatially  multi¬ 
plexed  signals  can  be  assumed,  at  some  instant  of  time,  to 
appear  as  shown  in  Pig.  2.2-3.  It  is  seen  that  the  ultra¬ 
sonic  signals  are  assumed  to  be  aligned,  and  form  a  rectangu¬ 
lar  pattern  in  the  light  modulator  whose  length,  given  by 


ST  , 


is  equal  to  the  ultrasonic  pulse  length.  Note  that  since  the 
quantity  A$  undergoes  no  change  in  heterodyning,  the  phase 
increment  between  adjacent  ultrasonic  signals  is  given  by 
Eq.  (2.2-2). 

As  shown  in  the  previous  section,  the  ensemble  of  ul¬ 
trasonic  signals  imposes  a  spatial  phase  modulation  on  the 
wave  front  of  the  incident  light.  The  resulting  positive 
first  order  light  intensity  cam  be  shown  to  be: 


|Gt(u,v)  |: 


/b  sin  7rbv\  2  f 
4  \  TTbV  /  l  " 


sin  ttN(0v-^-) 
2t r 


in 


in  TrP(u-f) 
TTD(u-f) 


/ .  ,  bv\2 

The  function  y  ^jfbv^ — /  imposes  a  negligible  amplitude 
weighting  on  the  first  order  intensity  and  can  be  ignored 
(Lambert  1965) . 

Thus  it  is  seen  that  the  information  concerning 


(2.2-3) 


LABOftATOftltS 


riO  2  2*3  H  $#AT|4LLY  -  MULTIPLEXED  L**CAA-*WUY 

^«rrtmE-u0©wwTH  w*jouct 
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Doppler  shift  and  angle  of  arrival  of  the  electromagnetic  en¬ 
ergy  at  the  array  antenna  ia  tr ana formed  into  the  location 
of  peak  first-order  light  intenaity  which  occura  in  the  image 
plane  at  the  point t 


u  -  f 


The  actuil  measurement  procefires  in  thia  case,  as  well 
aa  for  the  time-multiplexed  linear  array  and  the  planar  array, 
will  be  dealt  with  in  sore  detail  in  Chap,  6  which  considers 
the  extraction  ot  angle  information  under  large  and  email  ap¬ 
erture-bandwidth  conditions. 

2.3  r  »\ta»  Afutr.y  aktet.-^a  ;  tike  multiplexing 

A  second  method  of  electro-optical  processing  of  linear- 
array  signals  involves  time  aniltiplexing  the  antenna- element 
outputs  and  then  passing  the  resulting  time  sequence  into  a 
a ingle -channel  light  modulator. 

The  time-multiplexing  procedure  ie  diagrammed  in 
Fig.  2.3-1.  Bach  antenna  output  is  passsd  through  a  fixed 
delay  eleswnt,  the  delay  for  the  n  element,  T  ,  1  ling 

such  thati 


T 


n+i 


(2.3-1) 


where  Tp  is  fixed. 

The  quantity  TD  ie  the  time  separation  between  any 
two  adjacent  pulses  for  a  boresight  signal.  Hence,  if  the 
pulse  duration  is  T,  it  is  necessary  to  choose  the 
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delay  time  such  that 


where 


Tn  >  1  +  |  AT  | 


max 


(2.3-2) 


<5  sir  I  6  I 

I  AT  I  -  max 


'max 


(2.3-3) 


an<*  ^  lmax  maximum  off-boresight  angle  that  the  an¬ 

tenna  is  required  to  cover. 

In  general,  for  some  arbitrary  value  of  0,  the  time 

separation,  T  ,  between  adjacent  antenna  outputs  will  be 
s 

given  by: 


ts-td+Ax  {£.3-4: 

As  in  Sec.  2.2,  the  signals  are  assumed  to  be  heterodyned 
to  an  intermediate  frequency  and,  after  time  multiplex¬ 
ing,  the  input  to  the  light  modulator  can  be  shown  to  be 
of  the  form: 


n  * 


) 


v(t) 


(2.3-5) 


where 


vn(t)  "  v0(t  -  nTg  -  n7)  (2.3-6) 

y  "  (fc  “  fo)  *T 
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and,  at  some  instant  of  time,  the  ultrasonic  pulses  in  the 
light  modulator  will  appear  as  shown  in  Fig.  (2.3-2)  in  which 
the  separation  between  ultrasonic  signals  is: 


dfl  -  STs 


and  the  ultrasonic  signal  length  is: 


ST. 


In  a  manner  similar  to  that  of  Sec.  2.2,  the  resulting 
first-order  light  intensity  in  the  image  plane  can  be  shown 
to  be: 


G  (u,v)  I2-  J! 
1  4 


^b  sin  7rbv\  2  /d  sin  7rd(u-f)\  2  fBin  *N(uds+7)\  * 


7TbV 


.d(u-f) 


sin  7T ( ud  +7) 

19 


Note  that  in  this  case  since  Doppler  information  is  contained 
in  the  peik  of  the  amplitude-weighting  function* 


(2.3“7) 


( d  sin  7rd(u-f )  j 
\  *d(u-f)  ) 


it  cannot  be  recovered  because  peak  fii’st-order  intensity  is 
determined  by 


C 


sin  7tN( ud  +  yf 

s 

sin  7r(uds  +7) 


independent  of  any  Doppler  shift.  Thus  only  angle  informa¬ 
tion  can  be  obtained  from  the  time-multiplexed  linear— array 
configuration. 
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note  : 


PHASE  SHIFT  y  iS  NOT 
INOICATEO  IN  DIAGRAM. 


V(t) 

(  TIME -MULTIPLEXED  SEQUENCE) 


INCIDENT  LIGHT  INTO  PAGE 


A-32I-S-0292 


FIG.  2.3-2  SEQUENCE  OF  TIME  -  MULTIPLEXED  PULSrS  IN  SINGLE-CHANNEL 

DEBYE- SEARS  LIGHT  MODULATOR 


r  *  '  i 
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2.4  PLANAR  ARRAY  ANTENNA 

Consider  a  plane  wave  incident  on  a  planar  array  an¬ 
tenna  with  M  rows  and  N  columns  (Fig.  2.4-1),  The  angles  be¬ 
tween  the  wave  normal  and  the  rows  and  columns  of  the  ar¬ 
ray  will  be,  respectively,  90-0  and  90-0  ,  which  will  re- 

y  x 

sult  in  incremental  time  delays  between  adjacent  outputs  in 
any  of  the  rows  of  the  array  gi.en  by: 

~  6  sin  0 

At  -  JL - £  (2.4-1) 

*  c 

and  between  adjacent  outputs  in  the  columns  of  the  array  giv¬ 
en  by: 


At 


X 


6x  Bln  ex 
c 


(2.4-2) 


The  planar  array  therefore  permits  two-dimensional  an¬ 
gle  information  to  be  extracted  from  the  incident  wave. 


In  order  to  form  a  complex  optical  transmission  func¬ 
tion  from  the  planar-array  signals  it  is  now  necessary  to  em¬ 
ploy  a  combination  of  the  time-multiplexing  and  spatial-mul¬ 
tiplexing  processes  which  have  been  described  in  the  previ¬ 
ous  sections.  More  specifically,  the  M  signals  from  each  of 
the  N  columns  of  tne  array  are  time  multiplexed  as  shown  in 
Fig.  (2.4-2)  such  that,  in  a  manner  similar  to  Sec.  2.3,  the 
fixed  delay  given  by: 


n+i 


-  T 


n 


is  such  that 


(2.4-3) 


Tn  >  T  +  |  AT  | 


x  'max 


(2.4-4) 
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DIRECTION  OF  PROPAGATION 
OF  INCIDENT  PLANE  WAVE 


ANTENNA 

ELEMENTS 


M  ROWS  \ 


FIG.  2.4-1  PLANAR  ARRAY  WITH  INCIDENT  PLANE  WAVE 
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t-nty 


Vp(t)  *  TIME  MULTIPLEXED 
.  SEOUENCE  MOM 
|  P,h  COLUMN  OF 
PLANAR  ARRAY 


FIG.  2.4-2  TIME  MULTIPLEXING  SIGNALS  FROM  p,h  COLUMN  OF  PLANAR  ARRAY 
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and  the  time  separation  between  pulses  is: 


Ts  = 


D 


+  ATx 


Hence,  a*  ter  amplification  and  heterodyning,  the  out¬ 
put  of  the  pfc^  column  of  array  elements  is  a  time  function 
which  can  be  written: 


V  (t) 
PV 


ns 


£ 

-(■A 


’•pn(t) 


and  which  serves  the  input  to  the  pth  channel  of  the  N-chan- 
nel  light  modulator.  In  this  way  the  complex  transmission 
function  consists  of  N  spatially-multiplexed  sequences  of  M 
time -multiplexed  signals.  As  in  Sec.  2-2,  the  aperture -band¬ 
width  product  is  assumed  to  be  small  enough  so  that  incremen¬ 
tal  displacements  of  pulse  amplitudes  betvreen  signals  in  any 
row  of  the  array  can  be  ignored.  Thus,  for  any  row  of  the 
array,  the  amplitudes  of  the  corresponding  ultrasonic  signals 
are  aligned  across  the  width  of  the  optical  aperture  (Fig. 
2.4-3)  and  the  signal  ensemble  is  rectangular. 

The  resulting  light-diffraction  pattern  for  this  con¬ 
figuration  .has  been  determined  and  it  has  been  t»hown  that 
two-dimensional  angle  information  can  be  obtained  from  the 
location  of  peak  first-order  light  intensity. 
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FIG.  2.4-3  N  SPATIALLY-MULTIPLEXED  SEQUENCES  OF  M  TIME  -  MULTIPLEXED 
SIGNALS  :  SMALL  APERTURE -BANDWIDTH  PLANAR  ARRAY 
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3.  LITERATURE  SEARCH 

3- 1  ELECTRO-OPTICAL  AND  ELECTRONIC  PROCESSING 
FOR  ARRAY  ANTENNAS 

Because  the  array  antenna  is  a  stationary  structure  in 
which  the  beam  is  steered  electronically,  it  can  produce  a 
narrow  beam,  capable  of  high  angular  resolution,  which  can  ra¬ 
pidly  observe  large  volumes  of  the  sky  (Allen  1962) .  It  is 
seen  that  a  mechanically- steered  dish  with  the  same  capabil¬ 
ity  would  need  to  possess  a  huge  inertial  mass  and,  at  the 
same  time,  high  maneuverability.  Thus  the  array  antenna  is 
at  present  of  great  engineering  interest  (Allen  196^, Kraus  I958). 

Although  electronic  scanning  permits  the  antenna  beam 
direction  to  be  changed  very  rapidly  there  are  also  require¬ 
ments  which  make  it  necessary  for  the  antenna  to  form  multi¬ 
ple  beams  to  provide  for  simultaneous  coverage  of  many  angle 
resolution  cells  (Allen  1962).  Under  these  conditions  it  is 
necessary  to  employ  many  sets  of  phase-shifting  networks, 
each  set  having  its  own  incremental  phase  shift  correspond¬ 
ing  to  a  given  angle-resolution  cell,  which  permit  the  an¬ 
tenna  to  be  pointed  in  many  directions  simultaneously 
(Schnitkin  I960,  1961).  It  is  easily  shown  however  that,  for 
an  angle  resolution  of  one  degree,*  approximately  10®  phase- 
shifting  networks  would  be  necessary  in  order  to  provide  for 
±  60  deg  angular  coverage.  In  addition,  purely  electronic 
signal-processing  schemes  may  become  nore  complex  under  large- 
aperture  bandwidth  conditions  in  which  case  it  becomes  neces¬ 
sary  to  employ  delay  lines  rather  than  phase-shifting  net¬ 
works  (Alien  1964,  Sklar  I960,  Payne  1964). 

*  There  are  at  present  requirements  calling  for  much  nar¬ 
rower  beaxnwidths  than  this  (Alien  1964). 
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On*  approach  to  thl*  problem  (Lambert  1965)  ap¬ 

pear*  to  be  •  awthod  of  realising  th*  potential  of  the  array 
antenna  without  naceasitating  signal-processing  methods  of 
too  great  complexity  eiaploya  a  coherent  electro-optical  con¬ 
figuration  (Cutrona  I960),  The  mathematical  relationahip 
between  the  light  distribution  in  the  object  and  image  planea 
of  the  coherent  optical  configuration  {Cutrona  I960,  tom 
and  Wolf  196*1 )  la  identical  to  that  which  relates  the  *ig- 
nala  at  the  element#  of  an  array  antenna  to  tha  reaultlng 
far-field  radiation  pattern  (dchelkunoff  19*9,  *Uver  19*9). 
This  ralationahlp  la  made  use  of  in  the  electro-optical  pro¬ 
cessor  for  array  antennas, which  produces  an  optical  analog 
of  the  antenna  pattern  and  ia  capable  therefore  of  forming, 
simultaneously ,  a  continuum  of  all  possible  antenna  beam* 
without  introducing  angle-quantising  error  (Allen  1959) 
which  normally  results  from  the  uee  of  phaas -shifting  net¬ 
works. 

As  a  reault  of  tha  research  which  haa  been  applied 
to  electro-optical  signal  processing,  electro-optical  pro¬ 
cessors  for  array  antennas  have  been  synthesised  (Lambert, 

Arm,  Aimstts  1965)  and  it  haa  been  shown  that  a  singl*  elec¬ 
tro-optical  processor  would  bs  rsaliaticslly  capabl*  of  pro¬ 
cessing  an  array  antenna  in  which  th*  equivalent  electronic 
processor  would  require  approximately  200  , OCX) , OCX)  phase 
shifting  networks. 

3.2  LDUThTTOB  CM  1LECTW0- OPTICAL  AMIAT-AMTHBA  fKOliaK 

In  the  electro-optical  ar^ay-antemna  processor,  the 
signals  at  th*  output*  of  th*  antenna  elements  are  combined 
by  means  of  time  multiplexing  and  spatial  multiplaxing  to 
form  a  coagjlex  optical  transmission  function  (Cutrona  I960. 
Cheatham  196*)  consisting  of  ultrasonic  signal*  in  the  De- 
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bys-Ssara  light  modulator.  On  the  assumption  that  tha  trans¬ 
formation  fro*  electrical  to  acouatlc  anargy  ia  linear,  tha 
ensemble  of  ultrasonic  aignala  in  tha  light  modulator  ia  an 
axact  replica  of  tha  alactric  algnala  which  appeared  at  tha 
antenna  elements. 

Tha  signal -processing  capacity  of  tha  elcctro-optical 
processor  haa  baan  dafinad  in  tanaa  of  tha  maximum  nuxiber 
of  antenna  elements  and  tha  aaxlaaua  bandwidth  signal  which 
can  ba  procaaaad.  Large  bandwidth  and  high»f requency  opar- 
ation  ara,  however,  intarralatad  for  thaaa  signal  processors. 
It  haa  baan  shown  (Liban  I960,  Nason  19*8)  that  it  is  possi¬ 
ble  to  maintain  an  acoustic  bandwidth  in  tha  Debye-Sears 
light  modulator  that  is  approximately  50  par  cant  of  tha 
ultrasonic  signal  f raquancy  by  proparly  matching  tha  piaso- 
alactric  cr/atal  to  ita  i^ud.  In  addition  thv  bandwidth. 
It  has  also  baan  shown  that  the  maximum  numu.-r  of  antanna 
elements  which  can  ba  procaaaad  will  alet*  depand  on  fraquency. 
Thus  it  ia  nacassary  to  con  aider  the  factors  which  lisdt 
hi frequency  operation  in  Debya-Seara  light  modulators. 

3.2.1  yomicjsTmiUATi^ 

Tha  amplituda  of  an  ultrasonic  wa »ve  will  undergo  an 
exponential  attenuation  in  propagation  (Par tha ears thy  195*1, 
1957,  Klein  1963)  and  tha  amount  of  decay  will  depend  upon 
tha  characteristic  acoustic  attenuation  of  the  medium.  This 
quantity  ia  generally  frequency  dependent  and,  in  liquids, 
has  beer  found  (Richardson  end  '/ait  1957,  NcSkimin  1957)  to 
ba  prop;  .'tional  to  tha  square  of  the  ultrasonic  frequency 
for  any  given  value  of  temperature.  Aside  from  the  actual 
loss  in  ultrasonic  anargy,  tha  exponential  decay  in  a  light 
modulator  haa  baan  found  (Copal  1963,  Lambert  1965)  to  cause  a 
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broadening  of  the  observed  diffraction  fringes.  Since  angle 
information  is  contained  in  the  optical  diffraction  pattern, 
the  net  result  of  acoustic  attenuation  is  to  degrade  angular 
resolution.  Hence,  operation  at  excessively  high  frequencies 
wiH  destroy  the  signal  processor’s  ability  to  determine  an¬ 
gle  information  satisfactorily. 


3-2.2  INTERNAL  REFRACTION 


The  theory  of  Raman  and  Nath  (Raman  and  Nath  1936  (i)) 
assumes  that  a  ray  of  light  normal  to  the  surface  of  the  Debye 
Sears  light  modulator  experiences  a  uniform  index  of  re¬ 
fraction  in  propagating  th  jugh  the  ultrasonic  disturbance. 
This  assumption  is  actually  an  approximation  since  the  light 
rays  in  regions  of  relatively  low  refractive  inder  tend 
to  be  bent  towards  regions  where  the  index  of  refraction  is 
greater.  It  has  been  found  (Willard  1949 >  Lucas  and  Biquard 
1932)  that  the  effect  will  become  more  severe  with  an  increase 
in  the  frequency  of  electrical  excitation,  strength  of  the  ul¬ 
trasonic  disturbance,  and  the  depth  of  the  acoustic  wave  (di¬ 
mension  along  direction  of  light  propagation)  . 

Exact  mathematical  solutions  of  internal- refraction  ef¬ 
fects  on  light-diffraction  patterns  have  been  obtained  (Bhatia 
and  Noble  1953,  Mertens  1950,  Phariseau  1959)  and  all  serve  to 
extend  the  theory  of  Raman  and  Nath.  In  addition  to  the  above 
solutions,  a  first-order  theory  of  Rao  and  Murty  (Rao  and 
Murty  1958)  which,  while  not  applicable  under  conditions  of 
abnormal  diffraction  (Willard  1949) ,  serves  to  predict  the 
effects  of  internal  refraction  on  the  positive  and  negative 
first-order  fringes  under  certain  specific  conditions.  It 
has  been  shown  (Rao  and  Murty  1958)  that  the  more  extensive 
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treatments  (Bhatia  and  Noble  1953)  reduce  to  the  solution  of 
Ran  and  Murty  if  these  conditions  are  assumed,  and  it  is  pos¬ 
sible  that  this  theory  may  be  especially  applicable  to  this 
research  since  the  operating  conditions  in  these  electro-op¬ 
tical  processors  are  such  that  the  assumptions  of  Rao  and 
Murty  are  valid.  At  present,  in  the  electrc-optical  proces¬ 
sors  which  have  been  synthesized,  internal-refraction  effects 
are  negligible  (Hargrove  an!  Achyutha .  1965). 


3.2.3  TRANSDUCER  LIMITATIONS 

The  thickness  of  a  piezoele  ctric  quartz  crystal  is 
inversely  proportional  to  its  resonant  frequency  (Mason  1948). 
As  a  result  present  fabrication  techniques  limit  the  high 
frequency  of  light  modulators  employing  piezoelectric  quartz 
crystals  to  approximately  300  MHz.*  it  is  possible  that 
this  limitation  may  be  extended  in  the  future  to  approximately 
1000  MHz  with  the  use  of  evaporated  thin-film  f transducers 
(Foster  1965,  DeKlerk  and  Kelly  1965). 

3-2.4  ULTRASONIC  BEAly  BROADENING  AND  CROSS-CHANNEL  COUPLING 

In  addition  to  frequency  limitations  it  is  evident 
that  the  signal- processing  capacity  of  the  electro-optical 
array-ant  anna  processor  will  also  be  limited  by  the  aperture 
size.  At  present  lenc-fabrication  techniques  limit  the 
largest  possible  aperture  dimension  to  6  inches.  Thi 3  in 
order  to  maximize  the  signal- processing  capacity,  it  is  neces¬ 
sary  to  be  able  to  fit  as  ira  ly  light- modulator  channels  as 
possible  into  a  given  aperture  size.  In  this  case  the  lim- 
iting  factors  are  cross  talk  due  to  ultrasonic  diffraction, 

*  Private  communication  with  Valpey  Co. 
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and  electromechani  -i  cro&s  coupling  between  adjacent  trans¬ 
ducers.  With  regard  to  ultrasonic  diffraction,  it  has  been 
shown  (Vigoreux  1951,  Seki  1956,  Freedman  1962)  that, for  lon¬ 
gitudinal  (compression)  waves,  ultrasonic  propagation  follows 
the  same  laws  as  electromagnetic  propagation  in  space.  Thus 
the  ultrasonic  beam  passes  through  a  Fresnel  region,  in  which 
it  is  approximately  collimated,  and  into  the  Fraunhofer  region 
where  spreading  takes  place.  It  has  been  shown  (Lambert  1965) 
that,  in  considering  these  effects,  satisfactory  criteria 
for  determining  the  minimum  transducer  width  and  interelec¬ 
trode  spacing  can  be  obtained  in  order  to  maximize  the  num¬ 
ber  of  light- modulator  channels  which  may  be  fitted  into  a 
given  optical  aperture. 

3.  3  ULTRASONIC  DIFFRACTION  OF  LIGHT  IN  SOLID  MEDIA 

The  electro-optical  array-antenna  processors  which 
have  been  synthesized  employ  a  liquid  light-modulator  medium 
and  in  this  case  it  has  been  found  that  the  high-frequency 
limitation  is  imposed  by  acoustic  attenuation.  Thus,  in  or¬ 
der  to  extend  the  signal-processing  capacity,  it  is  neces¬ 
sary  to  employ  a  light-modulator  medium  with  a  lower  acous¬ 
tic  loss.  This  leads  to  consideration  of  solid  light  modu¬ 
lators  since,  although  acoustic  absorption  in  solids  will 
also  increase  with  frequency  (Lamb,  Redwood,  Shteinshleifer 
1959),  the  loss  in  many  solids  has  been  found  (ibid)  to  be 
significantly  lower  than  that  of  the  optimal  liquid  medium. 

The  particular  solid  chosen  for  this  research  was  fused 
silica.  In  addition  to  its  low  acoustic  loss  (Lamb,  Redwood, 
Shteinschleifer  1959,  Mason  1964),  fused  silica  has  been  used 
extensively  in  the  manufacture  of  acoustic  delay  lines  and  is 
known  to  be  a  suitable  medium  for  ultrasonic  propagation 
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(Hanunond  1962,  Mason  1964).  Its  bandwidth  properties  have 
been  investigated  and  it  has  been  found  (Konig,  Lambert, 
Schilling  I96I)  that  acoustic  bandwidths  which  are  50  per 
cent  of  the  resonant  transducer  frequency  are  relatively  eas¬ 
ily  obtained.  Finally,  it  is  especially  suitable  as  a  light - 
audulator  medium  because  it  is  a  transparent  substance  which 
can  be  polished  to  a  high  degree  of  optical  flatness. 

The  operation  of  light  modulators  using  solid  media 
is,  however,  considerably  more  complicated  than  it  is  for  a 
liquid,  in  a  liquid,  spatial  phase  modulation  of  a  light  wave 
front  can  be  explained  directly  in  terms  of  ultrasonic  pres¬ 
sure  variations  which  have  been  shown  (Raman  I936,  Phariseau 
1956)  to  be  proportional  to  the  input  electrical  excitation. 

In  a  solid,  however,  it  is  necessary  to  consider  how  the 
mechanical  vibrations  generated  by  the  ultrasonic  transducer 
will  alter  the  material's  dielectric  structure.  This  in 
turn  can  be  related  to  spatial  variation  of  refractive  index 
by  means  of  the  theory  of  photoelasticity  (Mueller  1935,  1938, 
Coker  and  Filon  1957).  Thus  the  transfer  characteristics 
of  the  fused-silica  light  modulator  will  be  obtained  by  com¬ 
bi  1 ng  photoelastic  theory  (ibid)  with  the  electromechanical 
coupling  characteristics  of  piezoelectric  quartz  transducers. 

In  addition  to  the  mechanics  of  electro-acoustic  trans¬ 
fer,  the  use  of  a  solid  light  modulator  necessitates  a  num¬ 
ber  of  considerations  which  do  not  arise  with  the  use  of  li¬ 
quids.  These  will  be  discussed  below. 

3.3.1  BIREFRINGENCE  AND  LIGHT  POLARIZATION 

A  solid  subjected  to  a  mechanical  stress  becomes 
birefringent,  that  is,  the  index  of  refraction  becomes  a 
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function  rf  the  polarization  of  the  incident  light  (Neunann 
l84l,  Ha.vgrove  and  Achyuthan  1965) .  It  will  be  necessary, 
therefore,  to  determine  the  effects  of  this  phenomenon  on 
electro-optical  processing,  particularly  with  regard  to  the 
transfer  between  input  electrical  excitation  and  the  phase 
deviation  of  the  light  wave  front. 


3-3.2  SHEAR  AND  COMPRESSION  MODES 

One  of  the  characteristics  which  distinguishes  liquids 
from  solids  is  the  ability  of  a  solid  to  support  shear;  thus 
diffraction  of  light  in  a  fused-silica  light  modulator  can 
be  accomplished  by  transverse  as  well  as  longitudinal  ultra¬ 
sonic  waves  (Schaefer  and  Bergman  1934,  Hiedemann  1935,  Mc- 
Skimin  1962) .  The  sonic  velocity  and  acoustic  attenuation 
for  these  two  mode 3  of  propagation  in  fused  silica,  as  well 
as  in  all  amorphous  solids,  are  not  the  same  and,  as  a  re¬ 
sult,  it  can  be  shown  that  the  frequency- limiting  charac¬ 
teristics  of  solid  light  modulators  is  a  function  of  the 
ultrasonic  mode.  Thus,  in  considering  the  use  of  a  fused- 

silica  light  modulator,  it  will  be  necessary  to  determine 
how  the  signal-processing  capacity  of  the  electro-optical 
array-antenna  processor  can  be  maximized  with  regard  to 
the  mode  of  ultrasonic  propagation. 


3-4  LARGE  APERTURE  -  BANDWIDTH  ARRAY-ANTENNA  PROCESSING 

Consider  a  linear  array  antenna  used  for  reception. 

As  the  aperture-bandwidth  product  becomes  large  the  duration 
of  the  received  signal  becomes  comparable  to  the  time  neces¬ 
sary  for  electromagnetic  energy  to  traverse  the  antenna  aper¬ 
ture.  This  condition  will  cause  problems  to  arise  in  elec¬ 
tronic  as  well  as  electro-optical  processing.  In  electronic 
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processing  under  these  conditions  it  has  been  shown  that 
the  more  commonly  used  methods  which  employ  phase-shifting 
networks  (Ogg  1961,  Allen  1964)  will  result  in  a  degrada¬ 
tion  of  signal-to-noise  ratio  (Sklar  1961),  and  the  use  of 
true  time  delay  elements  becomes  necessary. 

The  equivalent  problem  in  electro-optical  processing 
concerns  extraction  of  the  desired  angle  information  as 
well  as  signal  to  noise  ratio  degradation.  It  has  been 
shown  (Lambert  1965)  that  when  the  aperture  bandwidth  pro¬ 
duct  is  not  large  the  complex  transmission  function  is  sep¬ 
arable  in  terms  of  the  spatial  variables  in  the  optical  ap¬ 
erture.  The  diffraction  patterns  obtained  in  this  case 
have  been  determined  and  it  has  been  shown  that  angle  in¬ 
formation  can  be  extracted  from  the  light  distribution  in 
the  image  plane.  When  the  aperture-bandwidth  product  is 
large,  however,  the  transmission  function  will  be  a  non- 
separable  function  and  the  resulting  light-diffraction  pat¬ 
terns  produced  under  these  conditions  have  not  been  deter¬ 
mined.  Thus,  aside  from  evaluating  the  signal-to-noise 
degradation,  it  will  also  be  necessary  to  determine  the  im¬ 
age-plane  light  distribution  produced  by  nonseparable  trans¬ 
mission  functions  in  order  to  provide  for  proper  interpre¬ 
tation  of  the  diffraction  patterns  produced  under  large  ap¬ 
erture-bandwidth  conditions. 
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4 .  ULTRASONIC  DIFFRACTION  OF  LIGHT  IN  AMORPHOUS  SOLID  M^PIA 


Ultrasonic  diffraction  results  from  a  spatial  phase 
modulation  which  is  imposed  on  a  light  wavefront  when  it  pas- 
sec  through  a  transparent  medium  in  which  there  is  an  ul ma¬ 
sonic  disturbance.  The  phase  modulation  occurs  because  the 
ultrasonic  waves,  which  are  generated  by  exciting  a  piezoe¬ 
lectric  transducer  suitably  placed  with  respect  to  the  light- 
modulator  medium,  can  cause  a  spatial  variation  in  the  index 
of  refraction  of  the  medium. 


In  a  liquid  the  propagation  of  an  ultrasonic  disturb¬ 
ance  can  be  accomplished  only  by  means  of  compression  waves 
since  an  ideal  liquid  cannot  support  shear?  hence  the  vari¬ 
ations  in  index  of  refraction  can  be  thought  of  as  result¬ 
ing  directly  from  the  accompanying  spatial  variations  in  li¬ 
quid  density.  The  process  is  more  complicated  in  a  solid, 
however,  since  both  shear  and  compression  waves  are  possible; 
further,  it  will  be  seen  that  the  way  in  which  the  ultrasonic 
disturbance  alters  the  solid’s  dielectric  structure  will  ne¬ 
cessitate  consideration  of  the  polarization  of  the  incident 
light. 

The  expressions  representing  the  transfer  from  elec¬ 
trical  excitation  of  the  piezoelectric  transducer  to  varia¬ 
tions  of  index  of  refraction  will  be  derived  for  amorphous 
solids  using  the  theory  of  photoelasticity,  it  will  be  shown 
that,  if  the  ultrasonic  transducer  is  excited  by  a  sinusoid 
of  amplitude  Vm  and  frequency  f.,  then,  for  ultrasonic  prop 
agation  in  the  x  direction,  the  index  of  refraction  at  some 
instant  of  time  can  be  written: 


n(x) 


nQ  -  n  sin  27rrx 
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where 

ii  -  kV 
m 

k  *  constant 

nQ  =  equilibrium  value/  of  refractive  index 

f  *  -gr  *  spatial  frequency  (cycles  per  meter) 

S  =  velocity  of  ultrasonic  propagation 

It  will  also  be  shown  that  the  behavior  of  liquids  as 
light-modulator  media  can  be  explained  in  terms  of  a  degener¬ 
ate  case  of  these  results. 


4.1  BEHAVIOR  OF  ELECTROMAGNETIC  PLANE  WAVES  IN  HOMOGENE¬ 
OUS  ANISOTROPIC  MEDIA 

The  behavior  of  light  in  an  optically  anisotropic  me¬ 
dium,  such  as  a  crystal,  can  be  described  in  terms  of  the  vec¬ 
tor  components  of  the  electromagnetic  wave.  In  Appendix  A  it 
is  shown  that: 

(i)  In  ;i  crystal  there  is  an  orthogonal  set  of  prin 
cipal  dielectric  axes  and  three  principal  dielectric  constants 


x' 


and 


(ii)  For  a  given  energy  density  w  *  2w  .  where 

6 

w  =  electric  energy  density,  at  each  point  in  the  crystal 

■v 

the  D  field  of  the  propagating  electromagnetic  wave  will 
obey  the  relationship: 


Qttw 

e 
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where  x,  y  and  z  are  the  principal  dielectric  axes. 

(iii)  This  relationship  for  the  D  field  defines  the 
"ellipsoid  of  wave  normals"* 


in  the  coordinate  system  defined  by  the  principal  axes.  When 
light  propagates  through  the  crystal  it  is  in  general  split 
into  two  separate  beams.  For  a  given  crystal,  the  velocity 
and  polarization  characteristics  of  these  two  beams  are  func¬ 
tions  of  the  direction  of  the  unit  wave  normal  (the  unit  vec¬ 
tor  perpendicular  to  the  wave  front),  and  can  be  described, 
e>actly,  in  terms  of  the  following  geometrical  construction: 

Through  the  origin  construct  a  plane  parallel  to  the 
wave  front  (perpendicular  to  the  unit  wave  normal).  The  in¬ 
tersection  of  this  plane  with  the  ellipsoid  of  wave  normals 
is  an  ellipse  £  .  Each  of  the  two  beams  will  be  linearly  po¬ 
larized  with  mutually  perpendicular  directions  of  polariza¬ 
tion  along  the  major  and  minor  axes  of  S  ,  and  with  veloci¬ 
ties  of  propagation  which  are  inversely  proportional  to  the 
lengths  of  the  semi-major  and  minor  axes.  More  precisely, 
the  lengths  of  the  semi-major  and  minor  axes,  r1  and  r’’ 
are  given  by: 


>/jr  vji 

where  n'  and  n' »  are  the  indices  of  refraction  for  light 
linearly  polarized  along  the  major  and  minor  axes  and  p.  is 
the  magnetic  permeability. 

It  will  be  seen  that,  in  a  solid,  phase  modulation  of 
a  light  beam  is  accomplished  by  causing  the  shape  of  £  to 
vary  with  the  spatial  variable  along  the  direction  of  ultra¬ 
sonic  propagation. 


-40- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 

4.2  STRESS  AND  STRAIN  BIREFRINGENCE . 

THE  STRAIN-OPTIC  CONSTANTS 

The  ultrasonic  wave  in  the  solid  results  in  the  occur¬ 
ence  of  a  system  of  strains  (and  proportional  stresses).  The 
relationship  between  these  strains  (stresses)  and  the  shape 
and  orientation  of  the  ellipsoid  of  wave  normals  will  be  dealt 
with  in  this  section.  Thus,  for  a  given  direction  of  light 
propagation,  the  shape  and  orientation  of  $  will  be  a  func¬ 
tion  of  the  ultrasonic  disturbance,  and  therefore  of  the  piez¬ 
oelectric  vibrations. 

*  *  * 

The  theory  of  photoelasticity  (Mueller  1935,  I938, 
Coker  and  Filon  1957)  assumes  that  the  ellipsoid  of  wave  nor¬ 
mals  for  a  transparent  solid,  given  by: 


2  v2  z2 

-  +  -£-  +  —  =  1 

e  e  A  * 


is  transformed, when  the  solid  is  subjected  to  mechanical  stres¬ 
ses,  into  a  different  ellipsoid  given  by: 

V2  +  ayyy£  +  a2ZZ2  +  2ayZYZ  +  2aXZXZ  +  2a  *y  .  1 

(4. 2-1) 

For  the  purposes  of  obtaining  these  two  quadratic 
forms,  the  dielectric  tensors  for  the  unstressed  and  stressed 
case  may  be  represented  symbolically  in  matrix  form  as  follows: 


~  0 


x 

0 


o 


o  -±- 

ezJ 


a 

a 

a 

XX 

xy 

xz 

a^. 

a 

a 

xy 

yy 

yz 

a 

a 

a 

xz 

yz 

zzJ 

unstressed 


stressed 
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It  i.  further  assumed  in  photoeleetic  theory  that  the 
<-  ang.s  l„  the  dielectric  tensor  are  linear  function,  of  the 
strain,  (stresses),  m.  assumption  is  expressed  in  the  fol- 
lowing  set  of  linear  relationships* 


axx 

_  JL 

“  ■  p  S 

ex  11  XX 

+  p  S  4 

12  yy 

P  s 

13  ZZ 

>1 

>1 

<0 

£y  21  XX 

4  p  S  + 

*22  yy 

p  S. 
23  ZZ 

1_ 

a 

zz 

5.2  "  P31SXX 

+  p  s  + 

32  yy 

P  £» 

3£;  ZZ 

yz 


P4tSXX  +  P42Syy  +  P43Saz  +  p,.Syz  +  P,,sxz  +  P<„SJ[y 


aXS  -  PS!SXX  +  P5.V  +  P„s„  ♦  P5iSyz  +  P55Sxz  ♦  p5oSxy 

V  -  PelSXX  +  P„«yy  +  P„»„  +  P„.Sy2  +  P05Sxz  + 

where  the  p^'s  are  referred  to  as  the  strain-optic  con-’2  ^ 

atants  (Hargrove  and  Achyuthan  1965) ,  and  the  strain  compo- 

nent  S. ,(■  s.,  i  i  -  v  «  i 

ij v  ji  ■L»J  ~  x>Y>*)  is  a  measure  of  the  displace- 

■tent  in  the  jth  direction  of  the  ith  face  of  an  infinites¬ 
imal  cube.  An  equivalent  set  of  equations  may  be  written  in 
term,  of  the  stress-optic  constants  q  and  the  stresses 

Tjj.  The  Pf j  (and  q^'s)  are  physical  constants  depend¬ 

ing  on  the  material.  Thus,  by  the  geometrical  construction 
described  in  the  beginning  of  this  section  (rule  (iii)),  ve¬ 
locity  and  polarisation  of  light  in  a  stressed  transparent 
medium  may  be  determined,  since  the  ellipsoid  of  wave  normals 

resulting  from  the  strains  (Eq.  (4.2-1))  is  completely  deter- 
mined  by  Eqs.  (4,2-2). 
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These  equations  (Eq.  (4.2-2))  become  simplified  if  the 
medium  under  consideration  exhibits  symmetries  in  its  crystal¬ 
line  structure,  in  particular,  in  the  case  of  a  cubic 'system 
which  has  three  equivalent  principal  axes  and  is  therefore  op¬ 
tically  isotropic  (i.e.,  ex  -  ey  -  -  e) ,  the  array  of 

strain-optic  constants  considered  as  a  matrix  P  ■  [Pij]  be¬ 
comes  ( see  Appendix  B) : 


P  P  P 

11  12  12 


0  0  0 


P  P  P 

12  11  12 


0  0  0 


p  p  p 

12  12  11 


0  0  0 


Op  0  0 

44 


Op  0 

44 


L°  0  ooo  p4J 

In  most  crystals  u.  Z  1  and  the  index  of  refraction 
for  a  cubic  system  will  be  a  constant  given  by: 


nQ  *  vrfle  Z  \Te 


Thus  Eqs.  (4.2-2)  become: 


P  +  P  S  +  p  S 

ll  XX  *12  yy  12  zz 

pS  +pS  +pS 
*is  XX  *11  yy  P12  zz 


P  +  P  S  +  p  S  (42--$) 

12  XX  ^12  yy  ii  ZZ  '  r" 
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ayz 

*  p  S 
*4*  yz 

a„_ 

■  p  s 

xz 

*44  XZ 

a,,,. 

=  p  s 

xy 

*44  xy 

(4.2-3) 


In  addition,  if  the  material  is  amorphous  (i.e.,  fused  silica, 
most  glasses) it  is  found  that: 


P  ~P 

P44  “  — ■  -2-  -12  (Appendix  B). 

4.3  RELATIONSHIP  BETWEEN  PIEZOELECTRIC  TRANSDUCER  VIBRATION 
AND  SPATIAL  VARIATION  OF  INDEX  OF  REFRACTION 
FOR  AMORPHOUS  MEDIA 


The  relationship  between  the  voltage  applied  at  the 
piezoelectric  transducer  and  spatial  variation  of  index  of  re¬ 
fraction  will  be  derived  in  this  section  for  normal  light  in¬ 
cidence.  It  will  be  seen  that  either  longitudinal  or  trans¬ 
verse  vibrations  of  the  transducer  will  cause  these  variations, 
and  that,  for  the  transverse  mode,  only  one  direction  of  vi¬ 
bration  need  be  considered. 

The  configuration  shown  in  Fig.  4.3-1  will  apply  to 
the  three  cases  which  will  be  considered.  For  all  cases  the 
incident  light  will  be  assumed  to  be  traveling  along  the  z 
(optic)  axis,  perpendicular  to  the  xy  plane. 


4.3.1  TRANSVERSE  VIBRATIONS  AX PNG  OPTIC  AXIS 

In  this  case  the  only  nonzero  strain  component  is 


Sxz  ’  Eqs*  (4.2-3)  become: 


,  «»* <*£** mm  ■ 
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a 


a 


a 


yz 

=  p  S 
*44  yz 

=  p  s 

xz 

44  XZ 

xy 

=  p  s 

*4  4  xy 

(4.2-3) 


In  addition,  if  the  material  is  amorphous  (i.e.,  fused  silica, 
most  glasses) it  is  found  that: 

P  -P 

P44  =  ""V  ~  (Appendix  B). 

4.  3  RELATIONSHIP  BETWEEN  PIEZOELECTRIC  TRANSDUCER  VIBRATION 
AND  SPATIAL  VARIATION  OF  INDEX  OF  REFRACTION 
FOV.  AMORPHOUS  MEDIA 

Tho  relationship  between  the  voltage  applied  at  the 
piezoelectric  transducer  and  spatial  variation  of  index  of  re¬ 
fraction  will  be  derived  in  this  section  for  normal  light  in¬ 
cidence.  It  will  be  seen  that  either  longitudinal  or  trans¬ 
verse  vibrations  of  the  transducer  will  cause  these  variations, 
and  that,  for  the  transverse  mode,  only  one  direction  of  vi¬ 
bration  need  be  considered. 

The  configuration  shown  in  Fig.  4.3-1  will  apply  to 
the  three  cases  which  will  be  considered.  For  all  cases  the 
incident  light  will  be  assumed  to  be  traveling  along  the  z 
(optic)  axis,  perpendicular  to  the  xy  plane. 


4.3.1  TRANSVERSE  VIBRATIONS  ALONG  OPTIC  AXIS 

In  this  case  the  only  nonzero  strain  component  is 
3  .  Eqs.  (4.2-3)  become: 

X2 


a 


xx 


> 


zz 


n 


1_ 

2 


xz 


p  s 

44  XZ 
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x 


_ _ _ _  A-32I-S-0322 

FIG.  4.3-1  ELEMENTARY  LIGHT  -  MODULATOR  CONFIGURATION 
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and  the  ellipsoid  of  wave  normals  is: 


+  2p  s  xz 
44  xz 


1 


Tjie  plane  through  the  origin  perpendicular  to  the  unit 
wave  normal  is  defined  by  z  =  0.  Hence,  by  rule  (iii)  of 
Sec.  4,  the  ellipse  <£  becomes: 


1 


It  is  seen  that  &  has  degenerated  into  a  circle  of 
radius  nQ  independent  of  Sxz  ,  and  the  index  of  refraction 
is  therefore  a  constant,  independent  of  x,  for  light  propa¬ 
gating  in  this  direction.  Thus  transverse  vibrations  paral¬ 
lel  to  the  direction  of  light  propagation  have  no  effect. 


4.3.2  .TRANSVERSE  VIBRATIONS  NORMAL  TO  OPTIC  AXIS 

The  nonzero  shear- strain  component  is  now  S  ;  the 
ellipsoid  of  wave  normals  is:  ^ 


*!  +  yf 

2  P 

vl 

o  o 


+  +  2p  S  xy  =  1 


n 


44  xy 


and  setting  z  =  0  gives  the  ellipse  £  : 


x2  y2 

+  —x  +  2p  S  xy  *  1 
n2  n2  44  xy  * 
o  o 
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x 


It  is  easily  shown  that,  in  general,  an  ellipse  of 

the  form 


a  x2  +  a  y2  +  2a  xy  *  1 

11  22  12 


is  inclined  to  the  y  axis  at  an  angle  9  defined  by: 

2a 


tan  29  = 


12 


a  -  a 
22  11 


In  this  case. 


an  n2  ’  a22  n2  '  ai2  ‘  44  xy 

o  o 


P.  A 


and 


45° 

for 

sxy  > 

0 

-45° 

for 

0 
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independent  of  the  magnitude  of  S^  ;  thus,  for  transverse 
vibrations,  the  semi-major  and  minor  axes  of  £  will  always 
be  inclined  at  either  pT us  or  minus  45°  to  the  y  axis. 

The  voltage  exciting  the  piezoelectric  transducer  is 
assumed  to  be  sinusoidal.  Hence,  because  of  the  direction  of 
the  transducer  vibrations,  a  sinusoidal  ultrasonic  traveling 
wave,  in  the  shear  mode,  propagates  in  the  x  direction  At 
a  given  instant  of  time,  therefore,  the  wave  shape  is  a  sinu¬ 
soid,  and  infinitesimally  thin  layers  of  the  medium  are  dis¬ 
placed  in  the  -  y  direction  from  their  rest  position,  caus¬ 
ing  a  corresponding  sinusoidal  variation  with  x  of  the  shear 
strain,  Sxy  ,  as  shown.  In  Fig.  (4.  3. 2-1)  it  is  shown  that: 

(i)  Because  of  the  variations  in  S  (x) ,  the  shape 

of  C  ,  which  can  be  written  as  £(x)  ,  will  vary  proportion¬ 
ately. 

(ii)  Since  the  index  of  refraction  for  light  polar¬ 
ized  at  plus  or  minus  45°  to  the  y  axis  varies  with  x  as 
does  the  length  of  the  corresponding  axis  of  £(x),  then,  by 
rule  (lii )  of  Sec.  4,  the  index  of  refraction  variation  is 
also  proportional  to  Sxy(x) 

(Hi)  If  nj(x)  and  n2(x)  are  the  indices  of  re¬ 
fraction  for  light  polarized  at  plus  and  minus  45°  respectively, 
then  ni(x)  and  ng(x)  exhibit  variations  about  n  ,  and 

n  (x)  is  l80°  out  of  phase  with  n  (x) 

2 

In  order  to  establish  these  conclusions  more  precisely, 
consider  £  (x)  for  some  value  of  x  at  a  given  instant  of 
time  as  shown  in  the  following  sketch: 
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i  INCIDENT  LIGHT  INTO  PAGE  | 


A-32I"S-032I 


FIG.  4.3.2 -I  DIAGRAM  SHOWING  EFFECT  OF  SHEAR  STRAIN  ON  ELLIPSOID 

OF  WAVE  NORMALS 
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Variables  other  than  x  and  y  (e.g. ,  %  and  rj) 

are  now  used  in  the  graph  of  the  ellipse,  since  £(x),  in 
which  x  is  now  a  parameter,  serves  only  as  a  geometrical 
description  of  index  of  refraction  for  each  point  x,  but 
does  not  actually  occupy  physical  space  in  the  light  modula¬ 
tor  (x,y  plane).  The  %  and  t]  axes  are  assumed  parallel 
to  the  x  and  y  axes  respectively. 

In  general,  £(x)  can  be  written  as: 

a  +  a  n2  +  2a  £n«l 

In  the  (£',  V)  coordinates,  the  equation  of  the  el¬ 
lipse  will  contain  no  cross  term,  and  will  be  of  the  form: 

A,5'2  +  An'2  -  1.  in  order  to  determine  A  and  A  use 
12  12 

the  linear  transformations: 
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£  '  *  b  £  +  b  t} 
11  12  1 

V  ■  b  £  +  b  n 
21  22  1 


£  •  b  £  1  +  b  n 1 
11  21  * 


H  *  b  £  1  +  b  Ti 1 
12  22  1 


where 


b  *  b  ■  cos  6 

11  22 


b  =  -b  *  sin  0 

21  12 


Substituting  £  '  for  £  and  tj  '  for  T)  in  the 
equation: 

a  £2  +  a  T)2  +  2a  §rj  «  1  , 
and  equating  coefficients  gives: 


A 

*  a  b2  + 

a  b2  + 

2a  b  b 

l 

ii 

ii 

22 

12 

12  11  12 

A 

=  a  b2  + 

a  b2  + 

2a  b  b 

2 

n 

21 

22 

22 

12  21  22 

0 

=  2a 

b  b 

+  2a 

b 

b  +  2a 

In  this  example : 


b 

m 

b  *  b 

ii 

22  21 

a 

nt 

a  =4 

ii 

22  n2 

o 

a 

m 

P  s 

12 

44  xy 

Thus  as  a  function  of  x: 
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VX)  -  £  +  P«VX)  ^-3.2-1) 

o 

and  it  is  seen  that  the  shape  of  £(x)  will  vary  with  S  (x). 

xy 

But  for  light  polarized  at  plus  or  minus  45  deg,  the 
indices  of  refraction  n^x)  and  n£(x)  are  given  by  (rule 
(iii)  and  Appendix  A): 


nx(x) 

n£(x) 


1 

>/A  (x) 

2 

1 

v^A  (x) 


Then  from  Eq.  (4. 3. 2-1): 


for  +  45° 
for  -  45° 


n2  "*  n2fx)  =  _P44Sxy^x^  for  li^ht  polarized  at  +  45° 
o  i ' 

1  1  ,  . 

n2  “  n*(x)  *  P44Sxy(x)  for  U9ht  polarized  at  -  45° 


Now  let  n^x)  «  nQ  -  n^x)  ,  and  n^x)  -  nQ  -  n  (x)  , 
where  nQ  is  constant  and  njx)  and  n^(x)  represent  small 
perturbations  of  index  of  refraction  with  magnitudes  given  by: 


I  n  (x) 

IT 


n  (x) 


Since  n  » (n  ,  n  )  then: 

O  \  l’  £  / 
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and 


hence 


=,(«)  -^rVw 


-n2(x) 


ni<x)  ‘  no  '  no  -T-  Sxy<x) 


P 

n  (x)  =  n  +  n3  ~~  S  (x) 
2  o  o  2  xy v  ' 


(4. 3. 2-2) 


This  appears  to  be  a  general  result  with  sinusoidal  S  (x) 
being  a  particular  case.  Xy 

n1(x)  and  n  (x)  can  now  be  expressed  in  terms  of 
the  transducer  voltage.  The  shear  strain  can  be  written 
(Sokolnikoff  1956) : 


Vx>  ■  ^  Vx> 


where 


T  (x)  =  shear  stress 

U.  =  modulus  of  rigidity 

In  the  sinusoidal  case,  T  (x)  =  I  T  I  sin  2?Tfx  where  f 

*y  I  xy  |max 

is  the  spatial  frequency  (cycles  per  meter).  But  the  maximum 
shear  stress,  j  T^  |  ^  ,  can  be  shown  to  be  directly  propor¬ 

tional  to  the  amplitude  of  the  voltage  at  the  transducer  (Arm, 
Konig,  Lambert,  Weissman  1962) .  Thus  (at  a  given  instant  of 
time)  : 
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(n  (x),  n  (x) )  ■  n  +  — *—  —  k  V  sin  27tfx 

x  2 '  '  o  2  jism 

where  kg  is  the  electromechanical  coupling  coefficient  of 
the  vltrasonic  shear  transducer.  This  expression  is  seen 
to  be  of  the  same  form  as  Eq.  (4-1)  with: 


n 


n3p 
0*4  4 


u  ksVm  = 


(4. 3. 2-3.) 


4.3-3  LONGITUDINAL  VISITATIONS 

In  this  case  the  transducer  vibrates,  pis. on-like, 
along  the  x  axis  which  produces  a  compression  wave.  Under 
the  assumption  that  a  plane  wave  is  generated,  the  only  non¬ 
zero  strain  component  is  Sxx  and  Eq.  (4.2-3)  thus  becomes: 


xx 


=  p  S 
11  xx 


1 

o 


yy 


P  .  .  ®  w  +  _  2 


u  XX 


n: 


zz 


P  s 

12  XX 


The  ellipsoid  of  wave  normals  is: 


S 

11  XX 


X 


+ 


S 


12  XX 


+ 


12SXX 


1 


and  the  ellipse  £  becomes: 

(pn8~  +^)xZ  +  (p12sx* +  - 1  <*-3-3-u 

It  is  seen  that  the  major  and  minor  axes  of  £  are  now 
always  aligned  with  either  the  x  or  y  axis  and  the  cor¬ 
responding  indices  of  refraction  will  apply  to  vertically 
and  horizontally  polarized  light.  Fig.  4.3.3-1  shows  the 

variations  of  £  with  Sw  (assuming  that  p  >  p  ). 

11  12 
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FIG.  4.3.3 -I  DIAGRAM  SHOWING  EFFECT  OF  COMPRESSIONAL  STRAIN  ON 

ELLIPSOID  OF  WAVE  NORMALS 


*' 
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If  n^(x)  and  n^(x)  are  the  indices  of  refraction 
for  vertically  and  horizontally  polarized  light  then,  as  be¬ 
fore  (Eq.  4. 3. 2-1  et.  seq. ): 


and 


1 

*>*(*) 


-p 

-p 


11SXX 

12SXX 


(x) 

(x) 


ni  (x) 

n2(x) 


n?p  S  fx) 
n  _  o*ii  xx' 

o  2 


no  ’ 


n3?  S  (x) 
oyig  xx'  7 


(♦.3.3-2) 


(♦.3.3-3) 


In  this  case ,  under  the  assumption  that  the  ultrasonic 
pro, agation  is  accomplished  by  plane  waves. 


»«<*>  ”  C  TxX(x) 


where 


C  *  B  +  jn,  B  ■  bulk  modulus,  u  *  modulus  of  rigidity 
Thus  for  a  sinusoidal  excitations 


n^P 

\<x>  -  no  -  IT1  kcvm  >in  *”** 
n*p 

nJx)  ■  "o  -  -Tc^  kcVn,  ,in  SnIx 


( J*- 3  -  3—^ ) 


where  kc  is  the  electromechanical  coupling  coefficient  of 
the  compression  transducer. 
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A  photoelastic  interpretation  of  ultrasonic  diffrac¬ 
tion  in  a  liquid  for  longitudinal  transducer  vibrations  now 
follows  directly. 

The  fact  that  transverse  vibrations  of  the  piezoelec¬ 
tric  transducer  have  no  effect  on  the  index  of  refraction 
of  a  liquid  can  be  demonstrated  by  setting  p  equal  to 

zero  (see  Eq. (4. 3. 2-2) ) .  Since  a  liquid  is  an  amorphous  me- 

P  -  P 

dium.  and  p  ■  — — - —  ,  it  follows  that  p  -  p 

*  44  2  11  12 

Hence  from  Eq.  (4.3.3  1)  for  longitudinal  vibrations: 

(p  S  -f-4r'W2  +  ^p  S  +-~'\y2»l 
\Pn  xx  n  *)  V  11  **  n 2Jy 

Thus,  for  liquids,  £(x)  degenerates  into  a  circle  whose 
radius  varies  with  SJCX(x).  For  each  value  of  x  the  cor¬ 
responding  circle  can  be  looked  at  as  a  degenerate  form  of 
an  ellipse  with  infinitely  many  major  and  minor  axes.  Hence 
it  follows  from  rule  (iii)  of  Sec.  4  that  all  polarizations 
of  the  incident  light  are  equally  affected  by  ultrasonic 
diffraction  in  liquids.  This  interpretation  is  symbolized 

in  Fig.  4. 3.3-2.  ... 


4 .  4  OPTIMUM  LIGHT  POLARIZATION  AS  A  FUNCTION  OF  MODE 

OF  PROPAGATION 

It  is  shown  in  Appendix  B  that  in  amorphous  media  the 


.elationship:  p 


P  -  P 
11  12 


holds.  These  strain-op- 


44  2 

tic  constants  are  usually  expressed  in  terms  of  Neumann's 
p, q  constants  (Mueller  1937,  Neumann  l84l)  where: 
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FIG.  4  3.3-2  PHOTOELASTIC  INTERPRETATION  OF  ULTRASONIC  DIFFRACTION 

IN  LIQUIDS 
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Now  consider  the  effect  of  light  polarization  on  the  peak 
f irst-order  light  amplitude.  Since  the  coherent  light 
sources  used  in  the  electro-optical  processor  produce  line¬ 
arly  polarized  light  (Fox  and  Li  1961,  Schachter  1964),  this 
will  assumed  to  be  the  case  with  the  angle  of  polarization 
arbitrary. 


4.4.1  SHEAR  MODE 


Consider  a  beam  of  linearly  polarized  light  whose  elec¬ 
tric  field  vector  E  is  inclined  at  an  arbitrary  angle  6  as 
shown 


let : 


x 


i  -  unit  vector  in  x  direction 
-* 

j  -  unit  vector  in  y  direction 


The  components  along  -  45°  will  be,  respectively,  cos (0--J) 
and  sin(0--^)  which  can  be  written  vectorially  as* 
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»■(«  -  f )  (t  +  j) 

K  -  •!»(«  -  J)  (i  -  1) 

Since  ( Eq.  ( 4. 3. 2-3) )  ,  the  first  order  electric  field 

amplitude  (written  vector ially)  will  be  teaman  and  Nath  1936)* 

f  «»(«  -  f)  ^  (1  +  j)  -  f  .!»(»  -  f)  J  (1  -  j) 

j) 

x  -Z5  7 

rrLn 

and  the  first  order  amplitude  is  — ~  which  is  identical 
to  that  which  would  be  obtained  with  ±45*  polarization.  Note, 
however,  that  the  polarization  of  the  electric  field  at  the 
output  has  been  rotated  to  the  angle  (90  ”0). 

Thus  the  angle  of  polarization  has  no  significant  ef¬ 
fect  on  a  light  modulator  operating  in  the  transverse  mode. 


E  ■  sin  0  L 

l 
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•» 


E 

3 


cos  6  j 


and  from  Eq.  4.4-2 


Thus  tho  first  order  electric  field  amplitude  (written  vec- 
torially)  is: 

n-r  *  .  "LR  q 

—  [n^sin  0  i  ♦  n  cos  0  j]  ■  — - —  [—  sin  0  i  +  cos  9  J] 

and  it  is  evident  that, in  order  to  maximize  the  peak  first 
order  light  amplitude,  then: 

|  >  1  =>  let  9  m  I 

|  <  1  =>  let  6  -  0 

Note  that,  as  pointed  out  in  Sec.  4.3.3’  in  an  amorphous 
solid  p  cannot  be  equal  to  q 

Although  p  and  q  will  vary  with  the  composition  of 
the  medium  and  the  light  wavelength  (Primak  and  Post  1959), 
it  will  generally  be  true  (ibid)  that,  in  fused  silica, 

P  '  q  •  Thus  the  light  polarization  should  be  normal  to  the 
direction  of  ultrasonic  propagation  when  longitudinal  waves 
are  used. 


4.5  SWPjA^_AKD  COMPARISON  OF_T  PANS  TER  CttAPACITRISTICS 

The  roost  important  result  of  the  preceedlng  sections  is 
that* 
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*mmKVm  (K  *  (4.5-1) 

for  both  the  shear  and  compression  modes  and  independent  of 
the  angle  of  polarization.  That  is,  because  of  the  linear 
relationship  between  electrical  excitation  and  phase  modu¬ 
lation,  it  would  be  possible  to  generate  in  the  light  mod¬ 
ulator  a  complex  transmission  function  consisting  of  ultra¬ 
sonic  signals, which  is  an  exact  replica  of  the  electrical 
signals  which  appeared  at  the  outputs  of  the  antenna  ele¬ 
ments.  Thus  it  is  seen  that,  theoretically ,  fused-silica 
light  modulators  employing  piezoelectric  ultrasonic  trans¬ 
ducers  can  be  used  in  electro-optical  array-antenna  pro¬ 
cessing.  Experiments  relevant  to  this  result  will  be  dealt 
with  in  Chap.  7. 

To  summarize  the  specific  results  of  this  chapter, 
it  has  been  shown  that  the  relationship  between  the  ampli¬ 
tude  of  the  electrical  input  to  a  fused-silica  light  modu¬ 
lator,  V^,  and  the  resulting  peak  phase  deviation  of  the 
light  wave  front,  is  given  by i 


(i) 


Shear  Mode 


I  p  -  q  j 


-  k  V 

•  m 


x  u  s’.  (4.5-2) 

independent  of  polarization  angle 


(ii) 


Compression  Hods 
2-Ln 


£\(V^ 


in  6)r  *  cob^O  )  v 


for  arbitrary  polarization  angle  0 


) 


(4.5-3) 
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where  * 

L  *  depth  of  ultrasonic  transducer 
no  "  equilibrium  viiue  of  refractive  index 
P  "  Neumann's  p  constant 
q  ■  Neumann ' s  q  constant 


B  -  bulk  modulus 
i  *  modulus  of  rigidity 

k.  -  electromechanical  coupling  coefficient 
of  shear  transducer 

kc  *  electromechanical  coupling  coefficient 
of  compression  transducer 

>  -  wavelength  of  incident  light 
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5.  OPTIMIZATION  OF  DESIGN  OF  ELECTRO-OPTICAL  ARRAY- ANTENNA 
PROCESSOR  USING  FUSED-SILICA  LIGHT-MODULATOR  MEDIUM 

In  this  chapter  the  design  of  the  array  antenna  pro¬ 
cessor  using  a  fused-silica  Debye-Sears  light  modulator  will 
be  optimized  and  the  processing  capacity  evaluated.  This 
problem  has  already  been  considered  for  liquid  media  (Lam¬ 
bert  1965).  The  differences  which  occur  with  the  use  of 
solids  arise  from  the  possibility  of  significantly  higher 
frequencies  and  the  use  of  the  shear  as  well  as  the  com¬ 
pression  mode  of  sonic  propagation.  Other  factors  however, 
which  must  be  considered  for  liquids  as  well  as  solids,  make 
it  possible  to  use  a  number  of  results  which  have  already 
been  established.  These  will  be  presented,  briefly,  for 
reference  purposes  in  Secs.  5*1*  5*2.1,  5*2.3*  311(3  5*2.4. 

The  remaining  sections  (5.2.2,  5*3  ar*d  5*4)  present  original 
results  of  this  research.  One  of  the  limiting  factors  not 
considered  in  Sec.  5.2  is  the  size  of  the  optical  aperture. 
This  is  of  course  limited  by  the  maximum  size  lenses  which 
are  a /ail able  and  a  realistic  constraint  on  the  largest 
possible  aperture  width  (or  length)  would  be  6  in.  (ibid). 

In  this  analysis  it  will  be  assumed  that  the  proces¬ 
sor  is  to  be  applied  to  a  planar  array  antenna.  In  order 
to  avoid  the  unrealistic  situation  in  which  an  apparent  in¬ 
crease  in  aperture-bandwidth  capability  is  achieved  at  the 
expense  of  a  highly  asymmetrical  antenna  configuration, 
the  number  of  rows  in  the  array  will  be  constrained  to  be 
equal  to  the  number  of  columns.  It  will  be  seen  that,  us¬ 
ing  present  methods  of  converting  electric  to  ultrasonic 
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energy,  a  fused-silica  light  modulator  operating  in  the  com¬ 
pression  mode  could  enable  the  electro-optical  processor  to 
be  applied  to  array  antennas  with  aperture-bandwidth  products 
ten  times  as  large  as  those  which  can  be  processed  at  pre¬ 
sent;  the  use  of  more  advanced  ultrasonic  transducers  which 
are  currently  ir  the  developmental  stage  (Foster  1965*  De- 
Klerk  and  Kelly  1965)  could  effect  a  further  increase  in 
processing  capacity.  A  concise  summary  of  the  results  of 
this  chapter  and  the  relationships  between  the  important  sys¬ 
tem  parameters  will  be  presented  in  Appendix  D. 

5- 1  SIGNAL- PROCESSING  CAPACITY  AND  APERTURE-BANDWIDTH 

PRODUCT 

Consider  a  planar  array  with  its  elements  in  M  rows 
and  N  columns  and  with  a  spacing  le tween  adjacent  elements 
in  any  of  the  rows  or  columns  equaJ  to  a  half-wave length  of 
the  transmitted  signal  carrier.  Then,  if  the  bandwidth  of 
the  signal  is  B,  the  aperture-bandwidth  product  (ABP) 
would  be  given  by: 


M  N 

ABP  =  -r  X  t;  X  B 

The  signal-processing  capacity  (P)  for  the  electro 
optical  array  processor  has  been  defined  (Lambert  1965)  in 
terms  of  the  maximum  number  of  antenna  elements  and  the 
maximum  bandwidth  signal  which  can  be  processed.  That  is: 

P  -  M  x  N  x  ^  (5-1-1) 

thus  when,  as  is  generally  the  case  (Skolnick  1962),  “he 
array  has  a  half-wave length  spacing  between  elements,  the 
signal-processing  capacity  is  proportional  to  the  aperture- 
bandwidth  product. 


*  - 
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Let : 

D  =  optical  aperture  length 

W  «  optical  aperture  width 

S  =  sonic  velocity 

fi  «=  frequency  of  electrical  signal 
exciting  transducers 

T  =  signal  duration 


The  acoustic  bandwidth  of  the  light  nodulator  can  be 
maintained  at  50  per  cent  of  the  resonant  transducer  fre¬ 
quency  if  the  transducer  is  properly  matched  and  bonded  to 
the  light-modulator  medium.  Thus  assuror  the  light-modula¬ 
tor  bandwidth  to  be: 


B 


(5.1-2) 


and,  if  it  is  further  assumed  that  the  signals  under  consid 
eration  are  those  for  which  BT  ~  1 ,  the  following  rela¬ 
tionships  can  be  shown  (Lambert  1965)  to  hold: 

N  -  (5-1-3) 


M 


(5.1-4) 


and  the  maximum  signal-processing  capacity  becomes: 


P  »  M  x  N  x  B 


Wv/D  fi 


s/a 


8 


(5.1-5) 


Henco  P  increases  with  frequency. 
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In  fused  silica  the  velocity  of  propagation  of  longi¬ 
tudinal  waves  is  greater  than  that  of  transverse  waves  which, 
from  Eq.  (5.i-5)»  appears  to  favor  the  shear  r<ode.  It  will 
be  seen  however  that  processing  capacity  can  in  fact  be  max¬ 
imized  by  the  compression  mode,  since  it  will  permit  opera¬ 
tion  at  significantly  higher  frequencies. 

Equation  (5.1-5)  will  be  used  in  Secs.  5.3  and  5.4 
to  evaluate  the  signal-processing  capacity  of  fused-silica 
light  modulators.  It  is  seen  that  the  relevant  experimental 
investigations, which  are  necessary  in  order  to  justify  the 
use  of  this  expression  for  fused-silica  light  modulators, 
are  related  to  Eq.  (5.1~3)»  which  determines  the  maximum 
number  of  light-modulator  channels  for  a  given  aperture 
size,  and  the  light-modulator  bandwidth  which  is  assumed  in 
the  derivation  of  Eq.  (5.1“5)  to  be  50  per  cent  of  the  res¬ 
onant  transducer  frequency. 

5-2  LIMITATIONS  ON  SIGNAL- PROCESSING  CAPACITY 
5.2.1  ACOUSTIC  ATTENUATION 

The  amplitude  of  a  sinusoidal  ultrasonic  wave  will 

undergo  an  exponential  attenuation  as  it  propagates  (Mason 

19b4).  That  is,  if  propagation  is  in  the  x  direction  and 

the  amplitude  at  x  ■  0  is  A(0),  then  the  amplitude  at 

some  value  x  )>  0  will  be  1 
o 

-ax_ 

A(*0)  -  A( 0)  . 

The  constant  a  is  referred  to  as  the  acoustic  at¬ 
tenuation  of  the  medium  in  unitj  of  napiers  per  cm.  An  ex¬ 
pression  for  acoustic  attenuation  of  longitudinal  waves  in 
fused  silica  (in  units  of  decibels  per  cm)  is  given  by 
(Mason  1964  )i 
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A(db  cm)  *  3  x  I0”4  f  +  1.9  x  10“5  fs  (f  in  KHz) 

(5.2. l-l) 

Transverse  waves  have  not  been  as  carefully  measured 
but  the  loss  appears  to  be  the  same  for  the  same  signal  du¬ 
ration  (ibid).  However,  since  the  velocity  of  transverse 
waves  in  fused  silica  is  about  63  per  cent  of  the  velocity 
of  longitudinal  waves,  then  the  path  length  for  transverse 
waves  will  also  be  shorter  by  this  same  amount;  hence  a 
for  transverse  waves  is  greater  than  it  is  for  longitudinal 
waves  in  this  medium. 

Another  source  of  data  of  this  kind  (Lamb,  Redwood 
and  Shteinshleifer ,  1959?  see  Pig.  5.2. 1-1)  shows  that,  in 
the  case  of  longitudinal  waves  above  100  MHz,  the  linear 
term  becomes  negligible  and  acoustic  attenuation  is  approx¬ 
imately  proportional  to  frequency  squared  in  this  range. 

Acoustic  attenuation  has  been  shown  (Lambert  1965) 
to  cause  an  attenuation  in  peak  first  order  intensity  as 
well  as  a  deterioration  in  the  structure  of  the  diffraction 
pattern.  The  important  parameter  in  this  case  has  been 
shown  (ibid)  to  be  the  acoustic  attenuation  factor,  a,  de¬ 
fined  as: 

The  effect  of  acoustic  attenuation  on  tie  diffrac¬ 
tion  patterns  is  shown  ir  Fig.  5.2. 1-2. 

5.2.2  INTERN’ .L  REFRACTION 

Consider  a  small  section  of  the  wave  front  of  a  light 
beam  in  a  medium  with  a  spatially-varying  index  of  refrac¬ 
tion  vFig.  5.2. 2-1).  Let  n(r)  increase  with  decreasing  r. 


i 
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FIG.  5  2  1-2 


EFFECTS  OF  ACOUSTIC  ATTENUATION  ON  DIFFRACTION  PATTERNS 
{  LAMBERT,  1965  ) 
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Since  n(r) ,  the  index  of  refraction  at  the  point  r#  ie 
assumed  to  be  greeter  then  n(r  +  dr),  then  v(r  +  dr)  > 


v(r),  and,  in  some  time  dt,  the  ray  et  r  +  dr  will  tra¬ 
verse  a  greater  distance  than  the  ray  at  r  which  results 
in  a  change  of  direction  of  the  wave  front  as  shown.  Thus 
the  unit  wave  normal,  perpendicular  to  the  portion  of  the 
wave  front  under  consideration,  will  have  a  certain  trajec¬ 
tory  as  the  light  passes  through  the  skediusi  as  shown  in 
Fi9-  5.2.2-2a.  To  determine  this  trajectory  observe  that 
in  some  time  dt» 

V( r  ♦  dr)dt  -  V(r)dt  -  dr  ten  0 

but 

tan  0  ■  -aX- •  At 
r 

hence 

V( r  ♦  dr)  -  V(r)  ^  V(r) 
dr  r 

Now 


and 

Um  -  v(r>  .  Mil  .  C  ±(-L-\ 

dr  ••  0  dr  dr  ^r\n(t)J 

hence  in  the  limit 

•i  m  n  —  m  -  -i  ( e;  2  2-1' 

r  n  dr  n  dr  * 

Mote  that  dn/dr,  the  partial  derivative  of  n  In  the  di¬ 
rection  of  increasing  r,  is  negative  in  this  example  by 
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2 ir  l_  f  - - 

M  *  g —  y/ n/n.  • 

b)  TRAJECTORIES  FOR  SINUSOIDAL  REFRACTfVE  INDEX 


A32IS-032T 


FI0.5P2-2  TRAJECTORIES  OF  RAYS  ACROSS  ULTRASONIC  BEAM  NORMAL 

LIGHT  INCIDENCE 
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daf  .nition.  Thu*  ths  curvature  of  the  trajectory,  1  r, 
la  joaitivr  at  ahown, 

Thia  axpreaaion  can  now  be  used  to  obtain  a  difforen- 
tial  equation  for  tha  ray  trajectory  in  the  medium,  aince 
in  general j 


and  frees  which  it  can  be  ahown  that! 

*  £  $2  [*  +  (af)*]  (5.2.2-31 

Thia  nonlinear  differential  equation  haa  ba^n  *o.\ved 
by  Lucae  and  Biquard  (Lucaa  and  Biqua 'd  1932),  and  tha  light- 
ray  trajectories  have  been  determined  for  refractive  index 
of  the  forms 

n(x)  *  nQ  +  n  coa  2trfx  (5, 2. 2-4) 


Because  of  thia  form  of  tha  index  of  refraction,  the  resuita 
are  directly  applicable  to  the  electro-optical  processor  un¬ 
der  consideration.  The  trajectories  arising  from  Eq. 

5. 2. 2-3  are  plotted  in  Pig.  5.2.2-2b  as  a  function  of  the 
parameter  M,  given  bys 


(5. 2. 2-5) 


Consider  the  effects  of  these  ray  trajectories.  It  is 
seen  that  as  M  approaches  |  the  light  rays  will  become 
increasingly  clustered  about  the  points  x»0,  ♦  1,  t  £  mtc 
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thus  internal  refraction  tends  to  impose  periodic  amplitude 
modulation  on  the  incident  light.  The  point  at  which  the 
ray  t  rajectories  first  interject  is  at  M  "  §  which  define* 
the  point  at  which  "abnormal  diffraction"  (Willard  19*9. 
Bhavagantam  and  Rao  19*6,  19*7.  19*8)  occurs.  This  refers 
to  the  fact  that  tie  theory  of  FUman  and  Nath  ("normal  dif¬ 
fraction")  is  not  valid*  when  M  >  —  since  the  ultrasonic 
disturbance  can  no  longer  be  treated  as  a  pure  phase  grating 
(Willard  19*9). 

Under  thjse  conditions  the  diffracted  light  distri¬ 
bution  can  be  obtained  by  applying  Maxwell's  equations.  A 
nusd>cr  of  solutions  have  been  obtained  (Mertens  195®.  Bhatia 
and  Noble  1953.  Phariseau  1959)  and  it  has  been  found  that 
the  diffracted  light  intensity  in  the  case  of  significant 
amplitude  modulation  can  be  determined  for  oblique  as  well 
as  normal  light  incidence. 

Raman-Nath  theory  can  however  be  used  to  determine 
the  diffraction  patterns  if  the  amplitude  modulation  is  not 
too  severe.  It  is  evident  that,  when  the  ultrasonic  dis¬ 
turbance  can  be  treated  as  a  phase  grating,  the  value  of 
peak  phase  deviation,  will  be  dependent  on  the  dif¬ 

ference  in  optical  path  lengths  between  a  ray  entering  the 
light  modulator  at  a  point  where  n(x)  is  a  maximum  and  a 
ray  entering  where  n(x)  has  its  minimum  value.  But  al¬ 
though  a  ray  entering  at  the  point  x  »  0  (Pig.  $.2 ,2~2b) 
will  pass  straight  through,  the  light  rays  entering  t'ne 
light  modulator  in  regions  of  lower  refractive  index  will, 
because  of  their  curved  paths,  experience  greater  optical 
path  lenaths  than  if  their  path*  were  not  curved.  Raaan- 

•  Willard's  criterion 
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Nath  theory  is  based  on  the  approximation  that  the  paths  of 
all  the  rays  are  straight.  Thus,  to  a  first  approximation, 
it  is  to  be  expected  that  the  effect  of  internal  refraction 
is  to  cause  a  decrease  in  peak  phase  deviation,  and  there¬ 
fore  an  attenuation  of  the  resulting  first-order  light  in¬ 
tensity. 

Thip  result  has  been  established  by  Rao  and  Murty 
(Rao  ar.d  Murty  1958)  .  It  has  been  shown  under  the  assump¬ 
tions  : 

^m<  1  (5.2. 2-6) 

(ii)  The  incident  light  is  normal  to  the 
direction  of  ultrasonic  propagation 

n  nS2 

(iii’  *f<<1 

where 


n  =  maximum  perturbation  of  refractive  index 
nQ  =  equilibrium  value  of  refractive  index 
h  =  light  wavelength 
L  =  depth  of  ultrasonic  beam 
S  -  velocity  of  propagation  of  ultrasonic  wave 


* 

« 


that  internal-refraction  effects  will  cause  the  first-order 
intensity  to  be  attenuated  by  the  factor: 


(5.2. 2-7) 
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That  is,  if  the  ideal  peak  first-order  intensity  is: 


where  k  =  constant 


then,  under  the  above  assumptions,  internal-refraction  effects 
will  result  in  a  first-order  light  intensity  given  by:* 

Iir  -  *  V  (^)*  (s.a.B-8) 

Where  TTXLf? 

7  “  2n  S2  (5.2. 2-9) 

o 


The  assumptions  of  Rao  ard  Murty,  however,  are  consis¬ 
tent  rfith  the  operating  conditions  of  the  electro-optical  ar¬ 
ray-antenna  processor  (Lambert  1965) .  Thus  it  should  be  pos¬ 
sible  to  use  Raman-Nath  theory  to  predict  the  diffraction  pat¬ 
terns,  and  to  take  account  of  internal-refraction  effects  in 

electro-optical  processing  by  including  the  attenuation-fac- 
sin  7 

tor  — — — L  . 


In  considering  the  conditions  under  which  Raman-Nath 
theory  must  be  modified  because  of  internal-refraction  ef¬ 
fects,  it  is  seen  from  Eqs.  (5. 2. 2-5)and(5.2. 2-7) that,  re¬ 
gardless  of  the  frequency,  these  effects  will  always  be  neg¬ 
ligible  if  the  transducer  depth,  L,  is  made  small  enough. 
The  question  now  arises,  "How  small  must  this  dimension  be?." 
In  order  to  answer  this  question,  consider  the  attenuating 


*  It  has  been  shown  in  fact  (Rao  and  Murty  1958)  that  the 
more  general  solution  of  Bhatia  and  Noble  reduces  to  the 
solution  of  Rao  and  Murty  if  the  above  assumptions  are  valid. 
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effect*  of  internal  refraction  on  the  peak  phaae  deviation 
and  define  the  effective  phaae  modulation,  i  ,  aai 

m 


where : 


ra 


rra 


«in  7 


X 


rm 


(5.2.2-10) 


■ 

I 


Now  although  the  attenuation  due  to  internal  refrac¬ 
tion  decreases  with  a  decrease  in  L,  there  is  also  a  de¬ 


crease  in  phase  modulation  ^ 


m 


Thus  there  should  be 


some  value  of  L  such  that  sin  7/7  and  'b  combine  to 


m 


yield  a  maximum  effective  phase  modulation  “b  .  In  order 

_  ® 

to  find  this  value  of  L  take  d S  /'dL  *  0  .  Hence: 

m 


2i\n  sin 
X  y 


27m  L 
X 


t 


cos  7 


l  iP-.  T'  1  £L  .  o 
J  dL  u 


But 


L  ^ 
u  dL 


7  . 


Thus  for  maximum  f  we  obtain: 

m 


cos  7  «  0  — ■"  y 


JL  h 


,  etc. 


Since  7  >  t  would  carry  the  factor  sin  7/7  out  of 
its  main  lobe  and  into  the  side-lobe  region,  the  only  satis¬ 
factory  solution  is  7  ■=  t/2  . 


Hence 


TXLf| 

2n  52 
o 


:r 

2 


osr»- 


.  *  » 

*■ 

'JHLi  i 


, 

T»  i 


U 


'  ■ 
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°Pfc  Xf* 


(5.2.2-11) 


<I^1U8  L0ot  *s  value  of  transducer  depth  which 


would  be  made  necessary  by  internal-refraction  considera¬ 
tions. 

It  is  necessary  to  consider  this  result  with  regard  to 
the  restrictions  imposed  by  Willard's  criterion  and  by  the  as¬ 
sumptions  of  Rao  and  Murty.  With  regard  to  Willard's  criter¬ 
ion,  we  must  have: 


2rrLf 


iJX  /  7 r 

ik  -  2 


(5.2.2-12) 


v,  .  27rnL 
’m  A 


Thus,  if 


noS* 


then 


*m 


S*  n  S2  * 
o 


and  substituting  these  values  of  L  and  n  into  Eq.  (5.2.2- 
12)  results  in: 


*m<  f  "  °-39 


(5.2.2-13) 
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Thin  is  consistent  with  established  practice  since  it  is 

generally  desirable  to  restrict  the  phase  modulation  to 

i)  '02 

With  regard  to  the  restriction, 

n_nS2 

■7T«  1  > 

x2^2 

let  the  phase  modulation  have  its  maximum  value  of  7r/8 
Then,  if 

t.M!. 


then 


X2^2 

16n0S» 


and 


n  nS2 
_2 _ 


X2^2 


TB  «  1 


It  should  therefore  be  possible  to  operate  with  this  value 
of  ultrasonic-beam  depth  (Eq.  (5.2.2-11))  provided  the  ne¬ 
cessary  restriction  on  as  shown  by  Eq.  (5.2.2-13)  is 

adhered  to.  Note  that  the  optimal  value  of  L  results 
from  7  m  7r/2  .  Hence  in  this  case  the  operation  will  be 
such  that  the  internal-refraction  attenuation  factor  will 
always  have  the  value  2/vr  . 

In  order  to  give  an  approximate  idea  of  the  effects 
of  internal  refraction  J/igs.  5. 2. 2-3  and  5. 2. 2-4  are  in¬ 
cluded.  Each  figure  presents  a  plot  of  L  vs  ^  with  f 
as  a  parameter,  according  to  the  relationships 
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01  2  3  4  5  6  7  8  9  10  II  12  13  14  15  16  17  18  19 


L  (  mm  ) 


77  Xf;2 

y=  - L  WITH  f;  AS  PARAMETER  (MHz) 

2  n0S2 

L  IN  mm 


A' 321 "S’  0423 


FIG.  5. 2.2-3  TRANSDUCER  DEPTH  (L)v*.y  FOR  SHEAR  MODE 
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01  2  3  4  S  6  7  8  9  10  II  12  13  14  19  W  17  M 


L(mm)  — * 


Y  z  - L  L  WITH  f;  AS  PARAMETER  (  MHz ) 

2  noS  L  IN  mm 


A  321-5-0422 

FIG.  5.2.2- 4  TRANSDUCER  DEPTH  (L)  vs.  /  TOR  COMPRESSION  MODE 
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TtX  fj* 

7  “  2n  S2  L 
o 

The  nominal  value*  of  tl'e  parameters  have  been  assumed  to  be* 


nQ  ■  1. 46 

X  -  6328  x  lCT 10  m 

s  |  “  3760  m/sec 

shear  mode 

S  |  *  5968  m/sec 

compression  mode 

Included  on  the  abscissa  with  L  is  ~---7  •  thus  for 
any  value  of  L  and  f.^  the  corresponding  amount  of  inter¬ 
nal-refraction  attenuation  can  be  determined.  In  addition, 
recall  that  operation  with  L0pt  corresponds  to  7  =  n/2. 
Thus  the  intersection  of  the  line  7  =  tt/2  with  the  graph 
of  L  vs  7  for  any  particular  value  of  the  parameter  f± 
gives  the  value  of  LQpt  for  that  value  of  frequency. 

It  is  necessary  that  these  results  be  investigated,  ex¬ 
perimentally,  and  this  will  be  dealt  with  in  Chap.  7. 

5.2.3  LIMITATIONS  IMPOSED  BY  ULfRASONIC  TRANSDUCER 

In  order  to  operate  the  Debye-Sears  light  modulator 
it  is  necessary  to  transform  electrical  signals  into  mechan¬ 
ical  vibrations  of  the  light-modulator  medium.  The  most 
commonly  used  ultrasonic  transducers  employ  piezoelectric 
quartz  crystals.  In  a  fused-silica  light  modulator  a  shear 
mode  would  be  generated  by  a  piezoelectric  transducer  using 
an  AC  or  a  Y-cut  quartz  crystal,  and  a  oompres sion-mode 


-84- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


transducer  would  use  an  X-cut  crystal.  The  well-known  rela¬ 
tionship  between  crystal  thickness  and  resonant  frequency  ares 


where 


V 

X-cut 

(5.2. 3-1) 

1.92 

Y-cut 

fo 

(5. 2. 3-2) 

1.64 

fo 

AC-cut 

(5. 2. 3-3) 

d  *  crystal  thickness  (mm) 


f  ■  resonant  frequency  (MHz) 

Thus  the  factors  which  limit  high-frequency  piezoelec¬ 
tric  quartz  transducers  are  concerned  with  the  extremely  small 
dimensions  which  are  necessary.  At  present,*  thicknesses  of 
the  order  of  .0095  nun  are  possible,  and  the  corresponding 
frequencies  for  the  shear  and  compression  modes  ace: 


(i)  Compression  mode 


(ii) 


3hear  mode 

i 


300  MHz  (X-cut) 

200  MHz  (Y-cut) 
175  MHz  (AC-cut) 


These  quantities  will  be  used  in  Sec.  5.3  in  evaluating  the 
processing  capacity  of  fused-silica  light  modulator  employ¬ 
ing  piezoelectric  quartz  transducers. 


*  Private  communication  from  Valpey  Co. 
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In  addition  to  these  methods ,  the  conversion  of  elec¬ 
tric  to  ultrcsonic  energy  has  also  been  accomplished  (Foster 
lf/65,  De Klerk  and  Kelly  i960)  by  means  of  evaporated  thin- 
film  transducers.  Although  these  methods  are  at  present  in 
the  developmental  stage ,  it  appears  that  frequencies  as  high 
as  1000  MHz  would  be  feasible;  possible  gains  in  signal-pro¬ 
cessing  capacity  for  the  electro-optical  array-antenna  pro¬ 
cessor  using  evaporated  thin -film  transducers  will  be  con¬ 
sidered  in  Sec.  5.4. 

5.2.4  LIMITATIONS  IMPOSED  BY  ULTRASONIC  BEAM  BROADENING  AND 
CROSS -CHANNEL  COUPLING 

The  expression  for  the  maximum  number  of  light-modula¬ 
tor  channels,  N,  which  may  be  fitted  into  a  given  apertu’.e 
size  is  (Eq.  5.1-3); 


H  as  — W— i 

2  IDS 


(5.2.4-1) 


where 

W  *  aperture  width 

D  =  aperture  length  (dimension  along 
direction  of  sonic  propagation 

f^  =  input  electrical  frequency 

S  =  velocity  of  ultrasonic  propagation 


In  the  derivation  of  this  relationship  (Lambert  1965)  the 
limiting  factors  have  been  shown  to  be  the  electromechanical 
coupling  between  adjacent  transducers,  and  cross  talk  between 
adjacent  ultrasonic  channels  due  to  broadening  of  the  ultra- 
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■onic  beam  in  propagation  (rreedaan  1962,  Kaaon  196*).  fh# 
beam  spreading  results  from  the  fact  that  a  propagating  ul¬ 
trasonic  wave  undergoes  diffraction  in  a  manner  analogous 
to  an  electromagnetic  wave  in  space.  Calculations  based  on 
the  assumption  of  longitudinal  waves  show  that  there  is  a 
Fresnel  region  for  which  the  wave  is  essentially  plane  and 
in  which  the  beam  is  collimated.  For  a  transducer  of  width 
b,  this  region  is  approximately  given  by  (Freedman  1962) i 

x  £  .25  ~  (5.2. *-2) 

As 

where i 

x  «  direction  of  sonic  propagation 

Xa  •  oonic  wavelength  •  ^ 

f  ■  ultrasonic  spatial  frequency 
(cycles  per  meter) 

Beyond  this  distance  the  ultrasonic  energy  spreads  out 
at  an  angle  6  determined  by  the  equation  (Kaaon  196*) t 

ein(|)  - 


which  results  in  a  spreading  width,  A  (Fig.  5.2, *~1).  In 
order  to  eliminate  "cross-talk"  the  maxi a  urn  number  of  chan¬ 
nels  has  been  constrained  to  b*  (Lambert  1965): 


n 


(5.£.*-3) 
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where  w  is  the  aperture  width. 

Because  of  electromechanical  cross-channel  coupling, 
it  was  found  (ibid)  that  the  adjacent  channels  s  ,uld  be 
spaced  by  one  transducer  width.  Thus: 


N 


W 

2b 


(5.2. 4-4) 


md  Eq.  (5. 2. 4-1)  follows  from  Eqs.  (5.2. 4-3)  and  (5.2. 4-4). 

It  is  easily  shown  that  Eqs.  (5.2. 4-1)  and  (5.2. 4-4) 
are  equivalent  to: 


D 


(5.2. 4-5) 


Thus  some  spreading  of  the  ultrasonic  beam  can  be  tolerated 

since  the  spacing  of  adjacent  channels  will  eliminate  crosc 
talk. 

Evaluation  of  signal -processing  capacity  is  depen¬ 
dent  upon  Eq.  (5. 2. 4-1).  Although  the  equation  is  known  to 
be  valid  for  liquid  light  modulators,  it  w.<  U  be  necessary 
to  verify  this  relationship, experimentally,  for  the  fused- 
silica  light  modulator. 

5*3  MAXIMIZATION  of  SIGNAL-PROCESSING  CAPACITY:  TRANS¬ 
DUCER  LIMITED 

The  maximum  value  of  signal -processing  capacity  for 
a  f used-silica  light  modulator  using  piezoelectric  quartz 
transducers  will  be  obtained  in  this  section  and  compared 
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with  the  values  which  can  be  obtained  with  the  optima.1  liquid 
light  modulator.  For  the  reasons  given  in  the  introduction 
to  this  chapter  the  number  of  rows  in  the  array  will  be  con¬ 
strained  to  be  equal  to  the  number  of  columns,  and  the  maxi¬ 
mum  aperture  width  will  be  assumed  to  be  6  in. 

From  Eqs.  (5. 1-3)  and(5. 1-4)  it  is  easily  shown  that? 

3/2/fj\  ,/2 

m  ■  n  w  *  d 

2/3 / Q  \l/s 

a  *d  D*W  \-f-j  (5.3-1) 

We  now  consider  acoustic-attenuation  effects. 

let:  S  |  =  3760  m/sec 

shear 

S  |  =  5968  m/sec  (5.3-2) 

comp. 

From  Sec.  5-2.3  (using  the  Y-cut  shear  transducer): 

fi  =  200  MHz 

shear 

f.  -  300  MHz  (5.3-3) 

comp. 

Thus  for  an  aperture  6  in.  wide: 

W  =  6(2.54)  x  10'2  «  .1524  m. 
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and  (Eq.  5  3-1) t 


r  |  -  .750  cm 

shear 

D|  “  .775  cm  (5.3-4) 

comp. 


Note  that  w  rather  than  D  ie  the  limiting  aperture  di¬ 
mension. 

It  has  been  reported  (Mason  1964)  that  the  acoustic 
attenuation  for  the  shear  and  compression  modes  is  approxi¬ 
mately  the  same  for  the  same  signal  duration.  Thus  let* 


a 


shear 


5968 

3760 


a 

comp. 


(5.3-5) 


where  a  is  the  acoustic  attenuation  in  napiers  per  cm. 
Thus  Eq. (5. 2. 1-1) becomes  approximately 1 


a  J  •  13.80  x  10” 2  napiers/cm 

shear 

a  J  **  19.80  x  10”2  napiers/cm 

comp. 

In  evaluating  acoustic-attenuation  effects,  the  par¬ 
ameter  a  -  is  of  interest.  Thusi 

,  I  -  LMLZS>  -  .052 

I  2 

shear 
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provides  for  a  greater  processing  capacity  and  is  therefore 
optimal.  This  will  be  discussed  further  in  Sec.  5.5. 

Now  consider  the  optimal  liquid  light  modulator  med¬ 
ium.  This  has  been  shown  (Lambert  1965)  to  be  distilled  wa¬ 
ter.  A  realistic  maximum  frequency  for  this  medium  is  (ibid) 
50  MHz,  which  implies  a  bandwidth  of  25  MHz  if  the  transducer 
is  properly  loadrd.  The  sonic  velocity  in  distilled  water 
is  approximately  I5OO  m/sec,  and  if  Pw  is  the  maximum  pro¬ 
cessing  capacity  for  a  distilled-water  light  modulator  then, 
using  the  optimal  mode  of  propagation: 

■.  -  (s*r  «r  -- = **. 

Thus  the  processing  capacity  can  be  increased  by  a 
factor  of  ten  with  the  use  of  a  fused- silica  light  modulator 
and  piezoelectric  quartz  transducers.  JJsing  Eq.  5.1-4  or 
5. 1-3,  it  is  easily  seen  that: 

M  «  N  ~  I85  antenna  elements 

and,  for  this  operating  frequency,  the  bandwidth  of  the  piezo¬ 
electric  quartz  transducer  bonded  to  the  fused-silica  light 
modulator  would  be,  without  any  additional  transducer  loading: 

B  -  150  MHz 

Finally,  the  transducer  width  in  this  configuration  would  be: 

b  ■  . 4  mm 

and,  from  Fig.  5. 2. 2-4,  the  smallest  value  of  transducer 
depth  which  would  be  made  necessary  by  internal-refraction 
effects  is  approximately: 

L  ■  1  mm 
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5.  4  MAXIMIZATION  OF  SIGNAL-PROCESSING  CAPACITY: 
FUSED-SILICA  MEDIUM 


In  Sec.  5.2.2  it  has  been  shown  that  internal- refrac¬ 
tion  effects  can  be  made  vegligible  by  reducing  the  trans¬ 
ducer  depth,  and  the  smallest  depth  which  would  be  necessary 
has  been  found  to  be: 


Lopt 


vn; 


(5.4-1) 


In  this  section  a  second  criterion  for  the  minimum 
transducer  depth  is  now  introduced.  This  is  that  the  trans¬ 
ducer  depth  can  be  made  no  smaller  than  its  wid;h.  It  can 
be  seen  from  Eqs.  (5.2. 4-2)  and  (5. 2. 4-5)  that  if  the  trans¬ 
ducer  depth  were  made  any  smaller,  then  in  addition  to  the 
effects  of  beam  spreading  in  terms  of  the  variable  y  (Fig. 
5. 2. 4-1),  which  can  cause  cross-talk  between  adjacent  chan¬ 
nels,  it  would  also  be  necessary  to  consider  the  spreading 
of  the  ultrasonic  beam  in  terms  of  the  variable  z  (Fig. 

2. 1-2), which  defines  the  direction  of  light  propagation. 

Thus,  using  this  criterion,  and  applying  the  con¬ 
straints  mentioned  at  the  beginning  of  Sec.  5.3  (i.e.>  M*=N 
and  W  =6  in.)  the  signal-processing  capacity  of  the  fused- 
silica  light  modulator  will  be  evaluated.  It  will  be  seen 
that  the  frequency  range  in  this  case  will  necessitate  the 
use  of  evaporated  thin- film  ultrasonic  transducers.  Al¬ 
though  not  yet  proven  experimentally,  it  will  be  assumed 
that  the  transfer  characteristics  are  linear,  and  that 
light-modulator  bandwidths  of  the  order  of  50  per  cent  of 
the  resonant  transducer  frequency  are  possible. 


-94- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


in  this  case  lets 


v; 

uf 


and  since  (Eqs.  5. 2. 4-4  and  5.2. 4-1): 


then: 


Buts 


thus : 


(5.4-1) 


and  using  the  values: 


W  *  (6) (2.54  X  i<r2)  .  .1524  m 
A  »  6328  x  1(T10  m 
nQ  -  1.46 
equation  5.4-1  becomes: 


*1*  9.45  x  104  S  (5.4-2) 

Now  using  the  values: 

S  |  ■  2760  m/sec 

shear 

1 

S  j  ■  5968  m/sec  (5,  if— 3 ) 

comp. 
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k  |A 


'  m'  . 


M 


» 
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. 697  napiers/cm 


comp. 


and  the  attenuation  factor  a  *  2  is* 


a  =  . 155 


shear 


.220 


comp. 


It  can  be  shown  (Lambert  1965)  that  for  values  of  the 
attenuation  factor  such  that  a  <(  .32  the  first  minimum  will 
be  at  least  20  db  below  the  peak  and  the  broadening  of  the 
main  lobe  will  not  be  greater  than  1.5  per  cent.  Thus  the 
values  obtained  for  "a"  in  this  case, while  not  negligible, do 
not  represent  a  serious  degradation  in  the  structure  of  the 
diffraction  pattern. 


In  determining  the  processing  capacity  of  the  two 
modes,  it  is  seen  that  since  (Eq.  5.1-4): 


M  _  „  _  D  fi 
M  =  N  =  2T 


(5.4-5) 


then  for  either  mode  the  maximum-size  antenna  will  be  the 


same.  The  processing  capacity  however  is  given  by: 


P  -  M  X  N  X  B 


and  therefore: 


^Ps=1-6P. 


Thus,  as  in  the  previous  section,  the  compression  mode  is  op¬ 
timal  because  it  permits  operation  at  higher  frequencies. 
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In  comparing  this  configuration  with  the  optimal  liq¬ 
uid  light  modulator  we  have,  for  any  aperture  width  W  t 


W  §§)''■= 


In  this  case  the  antenna  size  is  (Eq  5 A- 5) 


M  *  N  Z  29O  elements 
and,  assuming  a  50  per  cent  bandwidth t 


B  Z  250  MHz 


Finally,  the  transducer  dimensions  would  be: 


L  M  .3  mm 


5.5 


SUMMARY  AND  CONCLUS IONS 


The  purpose  of  this  section  has  been  to  optimize  the 
design  of  an  electro-optical  array-antenna  processor  using 
a  fused-silica  light  modulator,  and  then  to  compare  the  re¬ 
sulting  signal-processing  capacity  with  that  which  could  be 
obtained  with  the  optimum  liquid  light-modulator  medium. 


One  of  the  major  considerations  in  the  fused-silica 
light  modulator  concerns  the  optimum  mode  of  propagation. 

It  has  been  shown  that,  in  spite  of  the  fact  that  signal¬ 
processing  capacity  (Eq.  5.3-8)  will  decrease  with  an  in¬ 
crease  in  sonic  velocity,  the  compression  mode,  which  pro¬ 
pagates  at  a  higher  velocity  than  does  the  shear  mode,  is 
consistently  optimal.  The  reason  for  this  is  that  in  both 
Sec.  5.3  ard  5.4  the  compression  mode  permits  operation  at 
significantly  higher  frequencies.  Thus,  because  of  the  ex¬ 


ponential  relationship  between  P  ,  S  ,  and 


(Eq.  5.3-8), 


-98- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATCRIfc* 


th«  high-frequency  capability  cf  the  compression  mode  more 
then  makoa  up  for  ite  greater  aonic  velocity. 

With  regard  to  the  coaipar^aon  between  aolid  and  liquid 
madia,  it  hae  bean  shown  in  Sac.  5,3  that,  uaing  pitzoelec- 
tric  quartz -crystal  tranaducara,  electro-optical  processor# 
using  fused-silica  light  modulators  could  ba  applied  to  ar¬ 
ray  antannaa  with  aperture-bandwidth  proiucta  ten -tines  as 
Urge  «s  thoaa  which  could  ba  processed  by  means  of  liquid 
light  modulators.  In  considering  the  values  of  the  acoustic- 
attenuation  factor  and  the  minimum  transducer  depth  which 
have  bean  obtained  for  this  configuration,  it  appears  that 
these  results  do  not  represent  the  absolute  limits}  that  i*% 
higher  frequencies,  and  therefore  greater  processing  capac¬ 
ities,  would  still  be  possible  in  fused-eilica  light  siodula- 
tors  before  the  restrictions  impoaeo  by  acoustic  attenuation 
and  internal  refraction  would  be  felt. 

In  Sec.  5.*  the  limits  imposed  on  high-frequency  opera¬ 
tion  by  the  ultrasonic  transducer  have  been  removed,  and 
these  results  oeem  to  represent  the  limit  in  processing 
capacity  which  could  be  obtained  with  this  light-s»dulator 
medium.  In  this  case  it  has  been  show  that  the  signal-pro¬ 
cessing  capacity  could  be  increased  by  a  factor  of  30  over 
that  which  could  be  obtained  with  liquid  light  sa>duiatcra. 
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It  haa  b.,*n  shown  that,  undar  small  aperture-band- 
width  ?onditione,  tha  complex  optical  tranamiaaion  function 
of  the  electro-optical  processor  will  ba  separable  in  terms 
■f  'he  spatial  variablaa  in  the  optical  apartura.  Tha  re- 
aul'lng  light  diffraction  pattarna  hava  baan  obtained  for 
thia  caaa  it  will  ha  seen  however  that  in  tha  large 
a par ture- bandwidth  caaa  the  tranamiaaion  function  becomes 
non- separable, for  which  a  mathematical  representation  of 
»he  resulting  light  distribution  in  tha  image  plane  haa, 

«e  yet,  not  been  determined.  It  is  tha  purpose  of  this 
chapter  therefore  to  determine  the  effects  of  {.or.  separa¬ 
bility  on  the  output  light  diatr  V’tion  and  thereby  extend 
'he  applicability  of  the  existing  proceeeor  configuration 
'  'he  large  aperture  bandwid  h  case.  Thue,  although  tha 
following  sections  deal  with  signal  processing  concepts 
which  hava  already  baan  established  (i.«.,  time  multiplex¬ 
ing.  spatial  multiplexing;  see  Sec.  ?),  the  results,  with 
one  exception ,  represent  original  contributions  of  this 
research.  The  exception  mentioned  refers  to  Sec.  6.2. 

This  section  is  included  because  of  the  subsequent  neces¬ 
sity  of  considering  the  details  of  the  titse-multiplexing 
process. 

It  w  »  a. so  be  shown  that  a  degradation  in  peek 
signal-to-noise  ratio  will  recur  in  the  large  ■'tperture- 
bandwidth  cess.  A  mathematical  model  detcribing  the  light 
intensity  in  the  Lswgs  plane, when  the  input  to  the  light 
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» 


<* 


modulator  consists  of  samples  of  a  random  process,  will 
be  derived.  This  model  will  then  be  'ised  to  evaluate  the 
signal- to-noise  degradation.  On  the  basis  of  these  results 
it  will  be  shown  that  a  significant  degradation  will  occur 
only  in  the  case  of  the  spatially-irultiplexed  linear  array, 
and  that,  in  the  case  of  the  time-multiplexed  linear  array 
and  the  planar  array,  the  degradation  will  be  negligible. 

In  this  chapter  the  light-modulator  medium  is  unspec¬ 
ified, but  it  is  assumed  that  the  results  of  Chap.  2  will  ap¬ 
ply.  Thus  for  liquids  this  assumption  is  seen  to  be  valid, 
and,  on  the  basis  of  chs.  4  and  5,  it  will  be  valid,  the¬ 
oretically,  for  fu.‘  d  silica  as  well.  Experimental  verifi¬ 
cation  of  these  assumptions  will  be  dealt  with  in  Chap.  7 . 


o.  1  LINEAR  ARRAY;  SPATIAL  MULTIPT.BXTMrt 

A  plane  wave  of  unit  amplitude  and  duration  T  inci¬ 
dent  at  an  angle  6  on  a  linear  array  antenna  whose  elements 
are  separated  by  a  distance  5  will  cause  signals  to  appear 
at  the  outputs  of  the  antenna  elements  with  incremental  time 
delay  between  adjacent  outputs  given  by  (Pig,  6.1-1): 


AT 


6  sin  6 
c 


(6.1-1) 


where  c  =  velocity  of  electromagnetic  propagation 


Hence  information  concerning  angle  of  arrival  is  contained 
in  the  incremental  time  delay  at  . 

It  is  assumed  that  the  carrier  frequency  of  the  re¬ 
ceived  signal  includes  a  Doppler  shift  fd  .  Thus  if  the 
transmitted  frequency  is  fc  ,  the  received  signal  frequency 
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ANGLE  AXIS 
(BORESIGHT  ) 


32- 
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will  be:  tx  fc  +  ,  and  the  output  of  the  zeroth  antanna 

element  can  be  written  as: 


PT(t)«in  2rrfrt  (6.1-2) 

where  PT(t)  i«  a  unit  amplitude  time  function  of  duration  T. 
The  output  of  the  pth  antenna  element  will  bet 


PT(t-pAr)sin  27rfr(t-PAT)  (6.1-3) 

if  however  the  antenna  aperture  bandwidth  product  ia  email 
then:  ' 


T  »  N  |  at 


'max 


(6.1-4) 


and  the  delay  ir.  the  signal  envelopes  can  be  neglected  (Lam- 
bert.  Arm,  Aimette  I965) .  Thus  the  output  of  the  pth  ele¬ 
ment  can  be  written  in  approximate  form  as: 


PT(t)  sin  27rfr(t-PAT)  <|(6. 1-5) 

and  it  is  seen  that  the  angle  information  is  now  contained 
m  the  incremental  phase  shift  between  adjacent  outputs 
which  is  given  by: 

A0  -  (6.1-6) 

The  diffraction  patterns  resulting  from  spatially  mul¬ 
tiplexed  signals  of  the  form  of  Eq.  (6.!-5)  have  been  ob¬ 
tained  and  the  results  are  presented  in  Chap.  2.  It  is 
seen  however  that,  when  the  aperture  bandwidth  product  is 
large,  Eq.  (6.1-4)  will  not  hold  and  the  approximation  of 
Eq.  (6.1-5)  will  no  longer  be  valid.  Thus  under  large  aper- 
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ture  bandwidth  condition*  it  will  be  necessary  to  determine 
the  diffraction  patterns  which  are  obtained  when  the  relative 
displacement  in  signal  envelopes  is  taken  into  account 

#  #  * 

In  the  spatial-multiplexinc,  process,  N  antenna  out¬ 
puts  serve  as  separate  inputs  to  an  N-channel  Debye-Sears 
light  modulator  (Fig.  6.1-2).  It  is  assumed,  however,  that 
before  being  spatially  multiplexed  the  signals  are  pre-pro¬ 
cessed  in  order  to  increase  their  amplitudes  and  to  reduce 
their  carrier  frequency.  Realizing  that  heterodyning  to  a 
frequency  fQ  consists  of  first  multiplying  the  signal  by 
a  coherent  local  oscillator  signal  of  the  form  sin  27r(f  -f  )t, 
and  then  taking  the  difference  frequency  component  by  filter¬ 
ing,  it  can  be  shown  that  the  input  to  the  pth  light-modula¬ 
tor  channel  after  amplification  and  heterodyning  will  be  a 
signal  of  the  form: 

VmPT^”paT)sin  2rr(fit-PATfr)  (6.1-7) 


where : 

f^  ■  input  frequency  =  f  + 

”  intermediate  frequency 

Vm  "  P®ak  voltage  amplitude  for  all  values 
of  index  p 


and,  for  convenience,  Eq.  (6,1-7)  can  be  re-written  as* 
VmPT(t“pAT^ain  27r[fi(t-pAT)  -  PAT(fr-fi)] 

"  VmPT(t~pAT)*in  27r[fi(t-pAT)  -  py]  (6.1-8) 


» 
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LIGHT 

MODULATOR 

MEOIUM 


TOTAL  OF  N 
ULTRASONIC 
CHANNELS 


P- 


ABSORBER 


OPAQUE 

SEPARATIONS 


ULTRASONIC  CHANNELS  :  WIDTH  b  ; 

SPACING  (3 


A'  321  "S'  0426 


FIG  6.1-2  N  -  CHANNEL  DEBYE  -  SEARS  LIGHT  MODULATOR 
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where : 


7  -  (fr-  f^AT  .  (fc-f0)4T 


How  an  input  to  the  Oebye-Seara  light  modulator  of 
the  form: 


sin  27rfit 

will  be  transformed  into  an  ultrasonic  traveling  wave  of  the 
form: 

sin  2rrfi(t-|) 

where : 

S  ■  ultrasonic  velocity  of  propagation 

Thus  the  electrical  signal  (Eq.  (6.1-8))  will,  at  some  instant 
of  time,  result  in  an  ultrasonic  signal  of  the  form: 

Pd(x  +  PAx)  sin  27r[f(x+pAx)  +  p7]  (6.1-9) 

where  Pd(x)  is  a  unit  amplitude  spatial  function  of 
length  d, 


d  -  ST 

f  *  -g-  (spatial  frequency) 
Ax  »  SAT 


and,  at  qome  instant  of  time,  the  ensemble  of  ultrasonic 
signals  in  the  Debye-Sears  light  modulator  will  appear  as 
shown  in  Fig.  6.1-3.  It  is  seen  that  the  pulse  envelopes 

are  skewed  across  the  light  modulator  along  a  line  described 
by  the  equation: 


*s-Ay  N  CHANNELS 
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FIG.  6.1-3  N  SHAT! ALLY -MULTIPLEXED  LINEAR -ARRAY  SIGNALS  :  LARGE 

APERTURE  -  BANDWIDTH  PRODUCT 
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x  ■  -  A  y 


(6.1-10) 


and  the  incremental  displacement  between  adjacent  ultrasonic 
signals  is  given  by: 


Ax  ■  SAT  ■  A3 


(6.1-11) 


Thus, using  Eqs.  (2.1-4),  (2.1-7),  and  (2.1-9),  it  is  seen 
fchar  the  contribution  to  the  positive  first  order  light  am¬ 
plitude  in  the  image  plane  from  the  channel  located  at  y=»p0 
(Eq.  6.1-9)  will  be: 

,  x  K  j27T[f(x  +  pA6)+p7]  —  j 2ttux  -j27rvy 


9_(u,v)  -  -f 


x— pAp-f  y=pP~fr 


dxdy 


(6.1-12) 


Let  £  =  x  +  pA3  ,  1  ”  y  -  P0  and: 

d  b 

-  /  X  -j2Trp(0v-p/Vu-7)  ?  ?  -j27Tg(u-  f)  -j27niv 

gp(u,v)  =  -^  e  /  Je  e  d£dn 

*  J 


d  b 
“5  ~T 


(6.1-13) 

The  total  first  order  light  amplitude  will  be  (letting 


N  be  odd  for  convenience): 


(^) 


G  (u,v)  =  E  g  (u,v) 

n.  P 

P“-  K— ) 


(6.1-14) 


Thus  making  use  of  the  identity: 


n-(^) 


jnz  sin  ^ 
5  *  - t 


(6.1-15) 
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the  positive  first  order  light  intensity  will  be* 


Gju^v) 


^m  (b  sin  7fbv 
"5”  V  7rbv 


;\*  /  sin  7rN(fiv  —  PAu  -7)  \ 
'  \  sin  7r(0v  -  |3Au -7)  ' 


( 


d  sin  7rd(u  -  f)  \ 
7rd(u -  f)  / 


(6.1-16) 


Consider  this  result  in  terms  of  the  complex  optical 
transmission  function.  A  separable  transmission  function 
has  been  defined  (Lambert  1965)  as  one  which  can  be  written 
as  the  product  of  two  completely  independent  functions  of 
the  spatial  variables  in  the  aperture.  That  is,  for  a  sep¬ 
arable  transmission  function* 

j*x(x,y)  jlMx)  jfl(y) 

TA(x,y)  e  -  T^x)  e  1  T^y)  e 

(6.1-17) 

and  it  is  seen  that  in  this  case* 


Gx(u,v) 


00  00  jtf(x,y) 

I  I  T  (x,y)  e 


-j27TUX  -j27TVy 
e  e  dxdy 


”  j  ^(x) 

“  /  T  (x)  e 


-j27TUX  °° 

e  d»:  /  T  (y) 

-»  l 


jV'1(y)  -  j27rvy 

e  e  dy 


■  G^u)  G^v)  (6.1-18) 

Thus,  under  these  conditions,  the  output  light  distribution 
can  be  expressed  as  the  product  of  two  independent  functions 
of  the  output  variables  u  and  v  . 

This  is  seen  to  be  true  for  Eq.  (2,2-3)  which  has  been 
shown  to  result  from  a  separable  transmission  functionT'’"'” In 
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the  large  aperture  bandwidth  case  however,  it  is  easily 
shown  (using  Eqs.  6.1-12  and  6.1-14)  that  the  complex  op¬ 
tical  transmission  function  is: 

/N-l  v 

x(x>y)  ^  {  2  > 

T^x.y)  e  -  f  T,  rect(i±£M)  r.ct(£z£fi)  . 

d  b 

^j27T[f(x  +  pA£)  +  pry]  (6.1-19) 


which  cannot  be  expressed  as  two  completely  independent  func¬ 
tions  of  the  variables  x  and  y  because  of  interdependence 
through  the  index  of  summation?  thus  it  is  not  possible  to 
express  the  resulting  output  light  distribution  (Eq.  6.1-16) 
as  the  product  of  two  independent  functions  of  the  spatial 
variables  of  the  image  plane. 


Now  consider  Eq„  (6.1-16)  term  by  term.  In  general, 
an  expression  of  the  form: 


/  sin  7rN(Pv  A)  \ 
\  sin  7r(f3v  -  A)  J 


(6.1-20) 


which  is  seen  to  be  an  optical  analogue  of  the  radiation  pat¬ 
tern  of  a  linear  array  antenna,  has  a  principal  maximum  along 
^  =  p  »  grating  lobes  at  v  *  ^  ^  ,  where  n  ** 

integer,  and  N- 2  side  lobes  of  width  jjrr  in  between  each 


grating  lobe  (Fig.  6.1-4). 


8N 

Thus  the  function: 


sin  7rN(0y-  PAu  -  7) 
sin  7r(3v-  6Au  -  7) 


(6.1-21) 


is  similar  to  that  of  Eq.  (6.1-20)  but  its  principal  maxi¬ 
mum,  instead  of  running  parallel  to  the  u  axis,  is  skewed 
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along  a  lina  with  slop*  equal  in  magnitude  to  that  of  the 
■lope  of  the  ultraionic  pulses  in  the  light  modulator.  More 
specifically,  the  principal  maximum  falls  along  the  line* 

v  *  ^  +  Au  (6.1-22) 


The  grating  lobes  in  this  case,  which  are  also  skewed,  run 
along  lines  described  by 


n  +7 

0  +  Au 


nail,  1  2  etc, 


(6.1-23) 


and  along  any  cut  parallel  to  the  u  axis,  say  at  u  ■  f 


9N 


be- 


the  function  has  N-2  side  lobes,  each  of  width 
tween  each  grating  lobe  (Fig.  6.1-5). 

In  considering  the  remaining  terms  in  Eq.  (6.1-6)  it 
is  seen  that  the  function 

2 

(6.1-24) 


( 


d  sin  7rd(u  -  f) 


7rd(u-  f) 


■)' 


has  its  peak  running  along  the  line  u  *  f  .  Thus  the  dif¬ 
fraction  pattern  will  appear  as  shown  in  Fig.  6.1-6.  Note 
that  since  £  »  ~  ,  the  main  lobe  of  (b  "  will 

be  relatively  broad,  and  the  only  effect  of  this  function  is 
a  negligible  (Lambert  1965)  amplitude  weighting  of  the  peak 
first  order  intensity  which,  since  the  observation  region  of 
this  electro-optical  processor  excludes  the  grating  lobes  of 
Eq.  (6.1-21),  occurs  at  the  point: 


u 


(6.1-25) 


v  ■  ^  +  Au 


7 

1  +  Af 


u  «  f 
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PORTION  Of 

PRINCIPAL 
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CN-2)  SIDE  LOBES 


FIG.  6.1-5  GRAPH  OF 


sin  7tN  (/Bv-ftAu-r) 
sin  tt(/3v  -/3Au -Y) 


113 


FIG,  6,1-6  POSITIVE  FIRST-ORDER  LIGHT  INTENSITY  :  SPATIALLY 
LARGE  APERTURE  -  BANDWIDTH  LINEAR  ARRAY 
(N  ELEMENTS) 


•32I-S-Q29Q 

MULTIPLEXED 
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It  is  evident  that  the  location  of  peak  first  order  in¬ 
tensity  contains  information  concerning  the  Doppler  frequency 
and  the  angle  of  arrival  of  the  signal  at  the  antenna.  The 
measurement  procedure  and  a  comparison  between  the  large  and 
small  aperture -bandwidth  cases  will  be  discussed  in  the  fol¬ 
lowing  section. 

6.1.1  INTERPRETATION  OF  DIFFRACTIONS  PATTERNS :  LARGE  AND 
SMALL  APERTURE- BANDWIDTH  LINEAR  ARRAYS 

For  convenience  of  notation  the  variables  u  and  v 
will  continue  to  be  used  in  describing  both  the  output  light 
distribution  and  the  measurement  procedures.  Actual  meas¬ 
urements  of  course  would  be  obtained  in  terms  of  the  lin¬ 
ear  spatial  variables,  xx  and  yx,  which  are  related  to  the 
output  variables  u  and  v  by: 


(6. 3.1-1) 


where : 


■  light  wavelength 
F  -  focal  length  of  integrating  lens 

In  comparing  the  extraction  of  information  from  the 
diffraction  patterns  which  are  produced  under  large  and  small 
aperture-bandwidth  conditions  it  is  evident  that  the  signal 
duration,  the  number  of  antenna  elements,  and  the  length, 
width,  and  spacing  of  the  light  modulator  channels,  would 
not  be  the  same  for  both  cases;  and  therefore  Eq.  (2.2-3) 


<W 

’Hft 
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cannot  be  compared  directly  with  Eq.  (6.1-16).  Nevertheless, 
the  form  of  the  results  for  either  case  will  not  be  a  func¬ 
tion  of  the  actual  parameter  values.  Th 's  the  large  and 
small  aperture-bandwidth  cases  will  be  compared  by  consider¬ 
ing  the  expressions! 


(i)  Large  Aperture-Bandwidth 


|  g  (u,v)  I  -  ^  f-b  sln  ( sin  rrNfcv  -  QAu-  7)  \ 

1  **  \  tfbv  J  \  sin  tt(3v  -  0Au  -  y)  J  * 


( d  8*n  ^^(u  -  f )N 
\  rrd(u-f)  ) 


(6. 1.1-2) 


(ii)  Small  Aperture-Bandwidth 

|ci(u,v)  *■«* 


-£> 


$A* 


where : 


rrbv 

d  sin  7rd(u-  f) 
rrd(u  -  f ) 


A 


sin  /t(0v  -  $£) 


(6. 1.1-3) 


(6. 1.1-4) 


y  “  <V  fo)AT 


A0  -  2TTfrAT 


fr  «  received  carrier  frequency  -  f  +f 

c  d 

fc  ■  transmitted  carrier  frequency 
fd  »  Doppler  frequency 
fQ  ■  intermediate  frequency 


-II6- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


In  both  cases,  it  is  seen  that  the  u  coordinate  of 
the  peak  first-order  light  intensity  is  located  at  the  point* 

u-f--^+-f-~  +  ud  (6. 1.1-5) 

f, 

where  u^  =  ~  is  the  displacement,  in  the  u  direction, 

of  peak  first  order  intensity  from  the  line  u  =  -g1  .  Thus, 

since  f  is  a  fixed  known  frequency,  Doppler  information 
o 

is  contained  in  the  displacement  u<j. 

The  angle  information,  in  both  cases,  is  contained  in 
the  v  coordinate  of  the  peak.  This  displacement,  vft,  is 
given  by* 

(i)  large  aperture-bandwidth* 

va  »  ^  +  Au  j  ■  ^  +  Af  (6. 1.1-6) 

u  -f 


(ii)  small  aperture-bandwidth 


v 


a 


A0 

2tt0 


(6. 1.1-7) 


Using  Eqs.  (6. 1.1-4)  however* 

a!  .  f  V  fo— Q— fi)  ax  .  i  +  Af 

2tt0  0  \  3  /  S  3 

(6. 1.1-8) 

and  it  is  seen  that  in  both  cases  the  peak  first  order  in¬ 
tensity  is  actually  located  at  exactly  the  same  point  in  the 
image  plane.  Thus,  in  determining  the  angle  of  arrival  (us¬ 
ing  Eqs.  (6. 1.1-4,  6. 1.1-5  and  6. 1.1-6): 


117- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


^fc  *  Sud^  6  sin  6 


(6. 1.1-9} 


WhGj  6  the  anter»na  element  spacing.  This  distance  is 
generally  (Skolnick  1962)  one  ha If -wave length  of  the  trans¬ 
mitted  signal,  and  since  c  -  *  f  then  Eq.  (6. 1.1-9)  be- 


V 


a 


(6.1.1-10) 


Hence : 


e 


sin-1 


(6.1.1-11) 


and  xt  is  seen  that  an  exact  determination  of  6  requires 

knowledge  of  both  coordinates  of  the  peak  intensity,  since 
however; 


sud 


fd«  f 


C 


then  Eq.  (6.1.1-11)  can  be  written  approximately  (Lambert 
Arm,  Aimette  \965) :  ' 


6  ■  sin";  (26va) 

Although  in  both  the  large  and  small  aperture-band¬ 
width  cases  the  peak  first  order  intensity  occurs  at  the 
same  point,  the  overall  light  distribution  in  the  image  plane 
will  not  be  the  same.  As  shown  in  Fig.  6.1-7,  the  grid 
formed  by  the  nulls  of  the  diffraction  pattern  will  be  rec¬ 
tangular  when  the  aperture-bandwidth  product  is  small,  but 
will  have  a  rhombic  structure  because  of  the  skewing  of  the 

ultrasonic  pulse  amplitudes  in  the  large  aperture-bandwidth 
case. 
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small  aperture  - 

BANDWIDTH  CASE 


THIN  LINES  REPRESENT  NULLS 
HEAVY  LINES  REPRESENT  MAXIMA 


v  =  21+Af 


LOCATION  OF 
r  PEAK  INTENSITY 


LARGE  APERTURE 
BANDWIDTH  CASE 


LOCATION 
OF  PEAK 
INTENSITY 


T 


BOTH  DIAGRAMS 
IGNORE  : 

^  b$inTTbv\  2 
^  TTbv  ) 


fc-fp 

S 


-  _ _ _  A' 321 '  S'  0291 


FIG.  6.1-7  NULL  PATTERNS  AND  LOCATION  OF  PEAK  INTENSITIES:  LARGE  AND 
SMALL  APERTURE-BANDWIDTH  SPATIALLY-MULTIPLEXED  LINEAR 
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6.2  LINEAR  ARRAY:  TIME  MULTIPLEXING 

In  this  case  the  transmission  function  will  always  be 
separable  regardless  of  the  aperture-bandwidth  product  of 
the  antenna,  and  the  diffraction  patterns  produced  in  this 
configuration  have  already  been  obtained  (Lambert  1965)* 

Sec.  6.3  however,  which  deals  with  the  planar  array,  it  will 
be  necessary  to  consider  the  time-multiplexing  process  in 
some  detail.  Thus  the  time-multiplexed  linear  array  will  be 
discussed  in  this  section. 

Consider  the  case  shown  in  Fig.  6.1-1.  As  shown  in 
Sec.  6.1,  (Eq.  6.1-8)  after  amplification  and  heterodyning, 
the  output  of  the  nth  antenna  element  will  be  of  the  form: 

VmpT(t- nAT)  sin  2/r^f t -  nAT )  -  ny)  (6.2-J) 

where  the  input  frequency  to  the  light  modulator,  f^  ,  is 
given  by: 


fo  +  fd 


In  the  time-multiplexing  procedure  (Fig.  6.2-1)  each 
antenna  output  is  is  passed  through  a  fixed  delay  element; 
the  delay  for  the  n*"1  element,  Tn  ,  being  such  that: 


n+i 


-  T 


n 


where  TD  is  fixed. 

The  quantity  TD  is  the  time  separation  between  any 
two  adjacent  pulses  for  a  boresight  signal.  Hence,  if  the 
pulse  duration  is  T  ,  then  it  is  necessary  to  choose  the 
delay  times  such  that  : 


> 
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FIG.  6.2-1  TIME  MULTIPLEXING  .  iNEAR  ARRAY 
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Tn  >  T  +  |  AT  | 

D  —  'max 


where 


6  sin  \6\ 


AT 


'max 


'max 


(6.2-2) 

(6.2-3) 


and  !  6  Lax  in  the  maximum  off-bores ight  angle  that  the  an¬ 
tenna  is  required  to  cover. 

In  general,  for  some  arbitrary  value  of  6  ,  the  time 
separation  between  adjacent  antenna  outputs,  T  ,  will  be 
given  by:  8 


Ts“td+At  (6.2-4) 

Thus  in  a  manner  similar  to  that  of  Sec.  6.1  (Eq.  6.1-7 

et  seq. )  the  input  to  the  light  modulator  will  be  a  time 
function  of  the  form: 


n-<^) 

v(t)  -  £  v  (t) 

__  /N-lv  n 
n  “  (“2“) 


where 


Vn(t)  "  VmPT(t“nTs)sin  27r[fi(t-nTg)  -  rry]  (6.2-$) 

and,  at  some  instant  of  time,  the  ultrasonic  pulses  in  the 
light  modulator  will  appear  as  shown  in  Fig.  6.2-2  in  which 
the  separation  between  ultrasonic  signals  is: 


d  -  ST 

»  s 

Note  that  the  length  of  the  light  modulator  must  be 
such  that: 


-122- 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


FIG.  6.2-2  SEQUENCE  OF  TIME  -  MULTIPLEXED  PULSES  IN  SINGLE-CHANNEL 

DEBYE -SEARS  LIGHT  MODULATOR 
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D  >  S(N-l)  |T  I  +  ST  . 
'  D|max 


If 


PD  -  T  +  |at| 


max 


then 


T  I  -  T  +  2  |AT| 
'max 


max 


thus 


D  >  s(»r  +  2(H-1)  |ir|Mxj 

and  sines  it  will  always  be  true  that 


T»  |AT| 


max 


N»  1 


then  the  aperture  length  must  be  approximately: 


D  Z  NST 


Now,  following  exactly  the  same  procedure  as  for  Eq. 
(6, 1-12),  the  contribution  to  positive  first  order  light  am¬ 
plitude  from  the  li?ht  which  is  diffracted  by  the  ultrasonic 


signal  centered  at  x  ■  -nd  is: 


,  d  b 
nd  +  2  "a 

.  x  r  r  j27r[f(x+nd  )+nry]  -j2rrux  - j27tvy 

fp(«,v)  J  J  e  * 

x— nd— j  y»-^ 


dxdy 


(6.2-6) 

and,  after  changing  variables  and  integrating,  the  first 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 


order  light  intensity  (using  Eqs.  6,1-14,  6.1-15)  becomes: 


I  <5  (u,v)  I1 


.  (  b  sin  ^  f  sin  7rN(uda  + 

\  Trbv  J  \  sin  7r(ud8  + 

(  d  sin  77d(u  -  f ) 

\  Trd(u-f)  J 


(6.2-7) 


The  function: 


/  sin  ttN( udg  +7) 
\  sin  7r(uds  +7) 


(6.2-8) 


is,  once  again,  an  optical  analogue  of  the  radiation  pat¬ 
tern  of  a  linear  array  antenna,  with  maxima  occurring  at: 
(u<^s"^t)  —  0,  ±1,  ±2  etc,  and  N-2  side  lobes  of  width  jyg~ 
in  between  each  peak.  Since  angle  information  is  contained 
in  this  functior  it  is  necessary  to  minimize  the  amplitude 
weighting  imposed  by  /d  sin  Wu-  f)\2 


7rd  ( u  —  f)  \ 

(u  -  f)  )  * 


This  may  be  done  as  follows  (Lambert  1965) : 

Consider  the  kth  grating  lobe  of  Eq.  (6.2-8).  This  is 
located  at  the  point  (Pig.  6.2-3): 


k  -  7 


(6.2-9) 


Now  since  Tg  -  TD  +  Ax  ,  and  7  =  (ffi-  fD)AT  ,  choose  f 


such  that: 


f  T 
o  D 


(6.2-10) 


This  is  always  possible  since  fQ  and  Td  are  both  arbi¬ 
trary  design  parameters.  Thus  Eq.  (6.2-9)  becomes: 


f«n»(ud,+r) 
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foTD-(fc-f>T  f- 
S(TD+AT) 


W_Si_Vi) 

s  \Td+At/\  S  / 


and  angle  information  is  contained  in  the  quantity! 


(6, 2-11) 


(6.2-12) 


which  represents  the  displacement  of  peak  first  order  intensi 

from  the  line  u  ■  £2  .  Note  that  the  peak  of  *^n  7r^(u — £ 

S  f  £  +f.  V  Trd(u-f) 

actually  falls  at  u  -  — -  .  However,  fd 

will  always  be  much  smaller  than  fQ  so  that  the  amplitude 

weighting  from  this  function  as  well  as  from  (lL_ £i2L2llZ£) 

can  be  ignored  (Lambert  1965). 


2 


Thus  the  diffraction  pattern  appears  as  is  shown  in  Fig. 
6.2-4.  It  is  seen  that  the  location  of  peak  first  order  in¬ 
tensity  is  independent  of  the  Doppler  frequency  and  there¬ 
fore  only  the  angle  information  can  be  recovered.  In  this 
case  the  angle  9  would  be  given  by  (using  Eqs.  6.2-12,  6.1-1 
and  assuming  half-wavelength  antenna -element  spacing): 


9 


sin 


-1 


(2fcTD> 


6.3  PLANAR  ARRAY  ANTENNA 


Consider  a  plane  wave  incident  on  a  planar  array  an¬ 
tenna  with  M  rows  and  N  columns  (Fig.  6.3-I).  The  angles 
between  the  wave  normal  and  the  rows  and  columns  of 
the  array  will  be,  respectively,  90“ev  and  90-0  which 
will  result  in  incremental  time  delays  between  adjacent  out¬ 
puts  in  any  of  the  rows  of  the  array  given  by: 


Sy  8in  ey 

c 


(6.3-1) 
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k,n  CRATING  LOBE  OF 
(  »ifMrN(udt  +r)  \2 


FIG.  6.2-4  DIFFRACTION  PATTERN  :  TIME  *  MULTIPLEXED  LINEAR  ARRAY 
12ft-  < N  ELEMENTS  ) 


0 
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FIG.  6.3-1  PLANAR  ARRAY  WITH  INCIDENT  PLANE  WAVE 
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and  between  adjacent  outputs  in  the  columns  of  the  array 
given  by: 


6..  sin  9 . 


At 


(6.3-2) 


The  planar  array  therefore  permits  two  dimensional  angle 
information  to  be  extracted  from  the  incident  wave. 

In  order  to  form  a  complex  optical  transmission  function 
from  the  planar  array  signals, it  is  now  necessary  to  employ 
a  combination  of  the  time-multiplexing  and  spatial-multiplex- 
ing  processes  which  have  been  described  in  the  previous  sec¬ 
tions.  More  specifically,  the  M  signals  from  each  of  the 
N  columns  of  the  array  are  time-multiplexed  as  shown  in  Pig. 
6.3-2  such  that,  in  a  manner  similar  to  Sec.  6.2,  the  fixed 
delay  TD  given  by: 


T_  ■  T  -  T 
D  An+i  Ln 


(6.3-3) 


is  such  that 


T  >  T  +  |  at  | 

D  x  'max 


(6.3-4) 


and  the  time  separation  between  pulses  is: 


Ts  *  TD  +  ATx 


(6.3-5) 


In  the  planar  array,  if  the  -output  of  the  (0,0)  ele¬ 
ment  (x«0,  y-0)  is: 


PT(t)  sin  27rfrt 


(6.3-6) 


then  the  output  of  the  (n,p)  element 


(x-ndx,  y*»p6y)  is: 
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PT(t-  E>ATy- nATx)  sin  27rfr(t-  pi>Ty-nATx)  (6.3-7) 

and,  as  shown  in  Eqs.  (6.1-7)  and  (6.1-8),  after  heterodyn¬ 
ing  and  amplification,  Eq.  (6.3-7)  can  be  written: 
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Thus  the  complex  transmission  function  will  consist  of 
N  spatially-multiplexed  sequences  of  M  time-multiplexed  signals. 

When  the  electrical  signal  in  Eq.  (6.3-9)  excites  the 
ultrasonic  transducer,  the  ultrasonic  signal  will  be  of  the 
form  (as  shown  in  Eq.  6. 1-9) : 

p<j(x+pAx  +nd8)sin  2rr[ f(x+pAx  +  ndg)  +  pry^  +  iryj 

(6.3-10) 

and,  at  some  instant  of  time,  the  ensemble  of  ultrasonic  sig¬ 
nals  will  appear  as  shown  in  Fig.  6.3-3.  It  is  seen  that  the 
sequences  are  skewed  along  the  line: 

x  -  -Ay  (6.3-11) 

and  the  incremental  displacement  between  adjacent  sequences 
is  given  by: 


Ax=SATy«Ap  (6.3-12) 

Thus  in  a  manner  similar  to  Sec.  6.2  (Eq.  6.2-6)  the 
contribution  to  positive  first  order  light  amplitude  from 
the  light  which  is  diffracted  by  the  signals  in  tk*  channel 
at  y  ®  p6  is: 

(^ir)  -pAS-nd^+f  p(3+J 

*p(u'v)  “T  5  /  /  • 

n,_(£hi)  x— pA|3-nd--§  y-pP-  ~f 
j  j2rr[  f  (x  +  pAP  +  ndg)  +  py^  +  rry^] 


-  j  2rrux  -  j£rrvy 
e  e 


dxdy 

(6.3-13) 
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N  SPATIALLY-MULTIPLEXED  SEQUENCES  OF  M  TIME -MULTIPLEXED 
SIGNALS:  LARGE  APERTURE -BANDWIDTH  PLANAR  ARRAY 
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Let 


£  *  x  +  pAB  +  nds  ,  1  -  y  -  pS 


and 


9„(u,v)  -  e 


4,  -j27rp[0v-  BAu-  7  ] 

JD  2 

2 


'  2  '  j27m[uds  +7  ] 

X  • 


n-(iti) 


d  b 

/  ?  -j27l*(u-  f)  -j27TT)V 

J  J  e  e  d£drj 

d  b 
'  2  "2 


L 


(6.3-14) 


The  total  output  light  amplitude  is  (assuming,  for  conveni¬ 
ence,  that  N  is  odd) s 


•  (=§i) 

G  (u,v)  -  Z  ?  (u,v) 

1  „  /N-l\  P 

P—  (“5“) 


(6.3-15) 


and,  using  the  identity: 


<*£> 


rN~i\ 
P*-(“ o~) 


£  e 

r 

2 


jnz  sin 


Nz 


sin 


(6.3-16) 


the  first-order  light  intensity  becomes: 


I  ®1(u,v)  |2  -  4 


( L  sin  TrbvV  / d  sin  7rd(u  -  f)\2 
\  Trbv  /  \  7rd(u-f)  /  * 


^sin  ttN(Bv-  SAu-7^)\2  /sin  7TM(udB  +7i)\2 

sin  ?r(0v-  BAu  -  7  )/  \  sin  7r(ud  +7  ) 

2  '  '  s  1  > 


(6.3-17) 
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In  the  light  of  the  procedures  which  have  been  previ¬ 
ously  followed  in  Secs.  6.1  and  6.2,  this  result,  which  is 
essentially  a  combination  of  Eqs.  (6.1-16)  and  (6.2-7),  is 
to  be  expected.  In  a  manner  similar  to  that  of  Sec.  6.1,  it 
can  be  shown  that  the  complex  optical  transmission  function 
is  non-separable  and  Eq.  (6.3-17)  therefore  cannot  be  ex¬ 
pressed  as  the  product  of  two  independent  functions  of  the 
variables  u  and  v  .  Thus  the  principal  maximum  of: 


sin  7rN(0v  -  0Au  -  y  ) 


sin  7r(0v  -  6Au  -  y  ) 

2 


)’ 


(6.3-17) 


runs  along  the  line: 


T*  Au 


(6.3-18) 


and,  choosing  fQ  =  kTD  (Sec.  6.2),  the  peak  of  |  Gj.(u,v)  |2 
occurs  at  the  intersection  of  Eq.  (6.3-I8)  and  the  kth  grat¬ 
ing  lobe  of 


C 


sin  ttM(  ud 


121s) 

*  yjj 


sin  7r(uds 
as  shown  in  Fig.  6.3-4. 

As  before,  the  amplitude  weighting  imposed  by  the 


(6.3-19) 


functions: 


/ b  sin  7rbv\  / sin  7rtffu  -  f)\ 
\  Ttbv  /  \  nd(u  -  f)  ) 


(6.3-20) 


can  be  ignored. 
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T 


FIG.  6.3-4  POSITIVE  FIRST-ORDER  PEAK  LIGHT  INTENSITY  :  LARGE  APERTURE  - 

BANDWIDTH  PLANAR  ARRAY 


(  NOTE  :  ONLY  HALF  OF  FIGURE  IS  REPRESENTED  WITH  TWO  SIDES  LOBES  SHOWN  ) 
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6.3-1  INTERPRETATION  OF  OUTPUT  DATA;  LARGE  AND  SMALL 
APERTURE-BANDWIDTH  PLANAR  ARRAYS 

In  the  light  of  the  discussion  at  the  beginning  of 
Sec.  6.1.1,  the  large  and  small  aperture-bandwidth  cases 
will  be  compared  by  considering  the  expressions s 

(i)  large  aperture-bandwidth 

sin  ttN(0v  -  0Au  -  7  )\2  / sin  7rM(  udg  +  7  ^ )\2 


|  G  (u,v)  |2  = 

x  sm  7t(0v-0Au“7  ) 


sin  7r(ud  +7  ) 


s 


(6.3. 1-1) 


(ii)  small  aperture-bandwidth 


A# 


I  Gx(u,v)  | 


sin  rrN(0v  -  2^)\2  ( sin  7rM( uds  +  yj  Y 
sin  tt(0v  -  !~y  y  sin  7r(uds  + 

(6. 3. 1-2) 


where  the  amplitude  weighting  functions  (Eq.  6.3-20)  have 
been  omitted.  Although  Eq.  (6.3. 1-2)  has  not  been  specifi¬ 
cally  derived  in  this  chapter,  it  is  seen  to  result  from 
Eqs.  (6. 1.1-3)*  (6.2-7)  and  the  separability  of  the  trans¬ 
mission  function  in  the  small  aperture-bandwidth  case. 

The  quantities  in  Eqs.  (6. 3- 1-1)  and  (6.3. 1-2)  are 


y .  =  (f„  -  f Jat  =  (f  -  f  ) 


7  =  (f  -  f  ) AT  *  (f  -  f  ) 

>2  ''■c  o'  y  '  c  o' 


dxsin  ex 


6ysin  Qy 


(6.3. 1-3) 


t*  ■ 
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d,  -  s(td  ;  &tx) 

and  it  will  be  assumed  that:  — £  „  fz  „  _1 

c  c  2fc  * 

The  information  concerning  Q *  is  contained  in  the 
u  coordinate  of  peak  first-order  intensity.  In  Sec.  6.2  it 
has  been  shown  that: 


(6. 3.1-4) 


where  is  the  measured  displacment,  in  the  u  direction,  of 

the  peak  from  the  line  u  -  ^  .  Thus,  in  both  the  large 
and  small  aperture-bandwidth  cases: 


&x  m  sin-1 


£  "  -  Su  )  (2fcTD>  (6. 3. 1-5) 


With  regard  to  the  v-coordinate  of  peak  first-order 
intensity,  chis  occurs  at  the  point,  va  ,  given  by* 

(i)  large  aperture-bandwidth* 


and  since: 


ys 

Va  *  T  +  Au 


u's-ua 


7a  *  (fc  *  fo>ATy 


(6. 3. 1-6) 


(6.3.1-T) 


then 


AX 

e  *  “a” 


Sual  *oATy 


[“*] 


(6. 3. 1-8) 


j 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


( ii)  small  aperture-bandwidth 


va  ’  ■  (— -g-fd)  iTy  (6. 3. 1-9) 


In  this  configuration  the  Doppler  frequency  cannot  be 
measured;  since  however  fQ  »  fd  ,  then  the  approximate 


location  ist 


„  %ATy 


a  9 


(6.3.1-10) 


Thus  in  (i) * 


9  m  sin' 

y 


(6.3.1-11) 


and  for  (ii) 


Sy  -  sin"1 


(2Pva) 


(6.3.1-12) 


To  summarize  these  results,  it  is  seen  that  the  peak 
intensity  will  not  occur  at  the  same  point  for  both  cases. 

In  the  large  aperture-bandwidth  case,  although  no  error  is 
introduced  by  Doppler  frequency,  it  will  be  necessary  to  use 
two  measurements  in  order  to  obtain  the  angle  0y  .  This 
occurs  because  of  the  non-separable  transmission  function; 
that  is,  since  the  output  light  distribution  cannot  be  re¬ 
presented  as  the  product  of  two  independent  functions  of  u 
and  v  ,  and  the  v  coordinate  of  peak  intensity  will  be 


dependent  on  the  u  coordinate  as  is  evidenced  by  Eq.  (6.3. 
1-8).  This  of  course  does  not  occur  in  the  small  aperture- 
bandwidth  case  since  the  transmission  function  is  separable. 


In  order  to  compare  the  diffraction  patterns  for  the 
two  cases,  let  m  and  rewrite  Eq.  (6.3.1-10)  asi 
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v»  ’  ATy  +  ~t  ~fiL  "  +  Af 


fo  SATy  7j 
6 


Thus  it  is  seen  that  in  the  small  aperture-bandwidth  case, 
the  peak  intensity  occurs  at  the  intersection  of  the  lines: 

k-7. 


u  = 


=  f  -  u 

s  a 


. 

v  -  T  +  Afs 


and  in  the  large  aperture-bandwidth  case  at  the  intersection 
of 

k  -71 

u  =  —3 -  =  f  -  u 

d  3  a 


v  -  T  +  Au 


This  is  shown  in  Fig.  6. 3. 1-1.  As  indicated  in  Sec. 
6.1.1,  the  null  pattern  in  the  large  aperture-bandwidth  case 
is  rhombic  because  of  the  skewing  of  the  transmission  function. 


SIGNAL  TO  NOISE  DEGRADATION  IN  LARGE  APERTURE-BAND- 
WIDTH  ELECTRO-QPVICAL  ARRAY-ANTENNA  PROCESSORS 

Random  electrical  signals  exciting  the  transducers  of 
a  Debye-Sears  light  modulator  will  cause  random  ultrasonic 
signals  to  propagate  in  the  light  modulator  medium,  and  thus 
cause  a  randomized  diffraction  of  the  incident  light.  This 
effect  will  therefore  contribute  to  the  overall  output  noise 
level,  it  is  especially  necessary  to  consider  this  source 
of  output  noise  in  large  aperture-bandwidth  cases  since,  un¬ 
der  these  conditions,  there  will  always  be  more  light  which 
is  phase  modulated  by  noise  than  by  signal  (Sec.  6.4.2). 
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FIG.  6.3.I-I  NULL  PATTERN  AND  LOCATION  OF  PEAK  INTENSITIES  :  LARGE  AND 
SMALL  APERTURE  -  BANDWIDTH  PLANAR  ARRAYS . 
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In  what  follows,  a  mathematical  model  describing  the 
diffraction  patterns  caused  by  random  ultrasonic  disturbances 
will  be  derived  for  a  general  random  process  and  also  for  the 
special  case  in  which  the  process  is  assummed  to  be  Gaussian 
(not  necessarily  white  noise).  It  will  be  seen  that  in  the 
Gaussian  case  the  general  expressions  derived,  which  reduce 
to  those  obtained  for  the  general  case,  will  be  exact.  These 
results  will  then  be  used  to  evaluate  the  degradation  in  out¬ 
put  signal  to  noise  ratio  resulting  from  large  aperture-band- 
width  conditions.  It  will  be  seen  that,  using  white  noise  as 
an  example,  when  the  electro-optical  processor  is  used  to  pro¬ 
cess  signals  from  a  planar  array  antenna,  the  degradation  due 
to  a  large  aperture-bandwidth  product  will  be  negligible,  but 
may  be  significant  in  the  case  of  a  linear  array  if  the  spa¬ 
tially-multiplexed  configuration  is  employed. 

6.4.1  LIGHT  DIFFRACTION  BY  RANDOM  STflMATJ; 

( i)  General  Random  Process 

An  electrical  signal  exciting  the  piezoelectric  trans¬ 
ducer  of  a  Debye-Sears  light  modulator  causes  an  ultrasonic 
wave  to  propagate  through  the  light  modulator  medium.  Let 
the  ultrasonic  disturbance  propagating  in  the  x  direction, 
at  a  given  instant  of  tirr.e,  be  denoted  as  f(x)  . 

It  has  been  shown  (Raman  and  Nath  1936)  that,  for 
weak  ultrasonic  fields,  the  ultrasonic  disturbance  will  give 
rise  to  a  pure  phase  modulation  of  the  light  wave  front  given 
by: 

2ttL^(x) 

X 

where 

L  =  length  of  light  path  in  Debye-Sears  lighc  modulator 
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X  ■  light  wavelength 


For  convenience  of  notation,  the  constant,  , 

will  be  ignored  and  it  will  be  assumed  that  an  ultrasonic 
disturbance  f(x)  gives  rise  to  a  spatial  phase  perturba¬ 
tion  of  the  light  wave  front  also  denoted  as  f'(x)  .  Thus, 
if  the  incident  light  is  a  plane  wave  of  constant  amplitude, 
the  light  amplitude  in  the  output,  (u,v)  ,  plane  of  the  op¬ 
tical  processor  has  been  shown  to  be  (Cutrona  I960) : 

,  v  r  r  -j2rrvy 

G'(u,v)  ■  K  J  J  e  e  e  dxdy 

x  y 

where  integration  is  performed  over  the  entire  optical  aper¬ 
ture,  and  K  is  a  constant.  Let  G(u,v)  «=  .  Since 

photo  detectors  are  used  to  obtain  output  data,  the  observed 
light  intensity  will  be  proportional  to  |  G(u,v)  \z  . 


Thus,  if  the  signal  at  the  transducer  is  a  real  random 
time  function  n(t)  giving  rise  to  a  real  random  ultrasonic 
disturbance,  n(x)  ,  the  normalized  output  light  amplitude 
at  a  given  instant  of  time  will  be: 


G(u,v) 


jn(x)  -j27Tux  -j27rvy 
e  e  e  dxdy 

x  y 


and  in  this  case  let  the  output  intensity  be: 


Vu  ,v)  «  E[G(u,v)  G*(u,v)] 


where : 

E  denotes  expected  value 
*  denotes  complex  conjugate. 
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Now  consider  an  optical  processor  using  a  Debye-Sears 
light  modulator  with  N  channels  (Fig,  6.1-2)  whose  trans¬ 
ducers  ars  excited  by  samples  of  a  random  process.  Let  N 
be  odd  for  convenience.  Since  the  samples  at  different 
transducers  arise  from  noise  which  hao  been  generated  in 
separate  networks  and  also  from  random  excitations  of  sep¬ 
arate  anterma  elements,  the  noise  samples  are  assumed  inde¬ 
pendent;  it  is  also  assumed  that  the  samples  have  zero  mean. 

Hence  the  contribution  to  the  total  output  light  am¬ 
plitude,  G(u, v) ,  from  the  channel  located  at  y  =  p£  will 
be : 


9p(u,v) 


D/f2  frpM  “  j27rux  -j27rvy 

J  J  e  e  e  < 


-D/2  p&-1 


dxdy 


(6.4. 1-1) 


In  this  method  of  signal  processing  the  ultrasonic 
signals  are  always  assumed  to  be  small  (Lambert  1962) ,  thus: 

D/2  p0+5 

r  r  i  _  -32ttux  -j27Tvy 

9d(u,v)  =  /  /  [1+ jn  (x)-  -|n*  (x) +^(n3)]e  e  dxdy 


-D/2  pV-% 


where  ^(n3)  denotes  the  error  in  the  approximation  of 


» jn(x) 


due  to  terms  of  the  order  of  n3  . 


For  convenience  of  notation,  let: 

I  f(x) 


D/f2  —  j  27TUX 

J  f(x)  e  dx 


-D/2 
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D/2 

I  f(x) 


D/2 


j2mxx 
•  dx 


I  *  f(x) 


D/2 

/  (1) 


-  j2TTUX 
e  dx 


-D/2 


D  sin  7TDu 
7tDu 


Z(u) 


b/2 

/  (1) 


-j27rvy 
e  dy 


-b/2 


b  sin  7rbv 
7Tbv 


Z(v) 


note  that: 

°/2  —  j  27TUX  D/2  j27TUX 

I  f(x)  I*  f(x)  -  /  f(Xi)  e  Xdxx  /  f(x  )  e 

-D/2  1  -d/2 


D/2  D/2  -j2rru(x 

“  /  I  f(xi)  f(x£)  e 

-D/2  -D/2 


dx  dx 
1  2 


Thus: 

-j27rp0v 

9p(u,v)  »  Z(v)  e  [Z(u)  +  jlnp(x)-|ln^(x)+l(r(nfl^ 

and  the  total  output  light  amplitude  from  all  N  channels 
will  be: 


G(u,v) 


;  ^  9D(u,v) 

P 


Hence: 


E 


-j27T(p-  q)Bv 


[|  G(u,v)  |2]  -  E  j  Z2(v)  S  E 

*  p  q 

[z(u)  +  j i”p(xi)*'iinp(xi)  +  l0>3)]  . 
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»[Z(u)-j  I*ng(x2)--^  I  *rig{x2)  +  I*l7(n3) ]j 


and: 


E  [|  G(u.v  |*]  .  *»(v)  E  E 

p  q 

.. ^  ^  -j27r(p-q)pv  f 

+  Z2(v)  L  L  e  Z(u)  jIE[n  (x  )]  — jI*E[n  (x  )] 

p  q  l  p  1  q  2 

-  |IS[n;(*i)]-'|l*E[n^(x2))  +  lff(na)  + 

-j27r(p  -  q)3  vr 

+  Z2(v)  £  £  e  i I  I*E[n  (x  )n  (x  )l+II*ir(n3) 

p  q  j_  L  P  i  q  2  J  J 

(6. 4. 1-2) 

Now  if  r(t  ,t  )  is  the  autocorrelation  function  of 
1  2 

the  electrical  signals  exciting  the  transducers ,  which  for  a 
real  process  is  defined  as: 

r^ti,t2^  *  E[n(t1)n(ta)] 

then  the  autocorrelation  function  for  the  random  ultrasonic 
disturbance  which  arises  from  these  signals  will  be: 


r(x  ,x  )  *  E[n(x  )n(x  )] 

1  Z  12 


Hence  by  assumption  of  independence  and  zero  mean; 


E[np(Xi)nq(x2)]  -  r(xi,x2)5 


pq 


where 


pq 


Op/q 

i  p  -  q 


# 
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E[no(x)]  "  E[nr(x)]  "  r(°)  fox  a11  P  and  9  • 


Thus  t 


-j2rrux 


1  Etnp(x1)]  ■  **  ECn|(x  )]  ■  *(0)  [  e  dx  *  r(0)Z(u) 


«  2  J  '  '  -D?2 
D/2  D/2 


I  I*  B[n  (x  )n  (x  )]  -If  r(x  x  )6 

p  1  4  2  -d/2  -D/2  i  2  P4 


-j2rru(xi-x2) 

e  dx  dx 

1  2 


and,  within  the  approximation  arising  through  neglecting  the 
error  terms,  ^(n3)i 


(^)  <^> 

E  s  e-j2"(p-q)  . 

__  /N-l>  _  /N-l\ 


^(UjV)  »  Z2(v) 


D/2  D/2 


z2(u)(l 

"  r ( 0) ) 

+  /  /  r(x 

,x 

L 

-D/2  -D/2  1 

2  pq 

Make  use 

of  the 

identity: 

.  _ln  Nz 

^  jpz  *in 

a  •  ■  ■■■  1  ■ 

■in  g 

-j27fu(x1-x2) 


dx  dx 
1  2 


andt 


R^Ujv)  ■  Z2(v)Z*(u)(l- r(0))^- 

D/o  D/2  -j27ru(x  -x  ) 

+  Z2(v)n  /  /  r(x  ,x  )•  1  *  dx  dx 

-D/2  -D/2  1  •  1 


sin  7rMgv\8 
sin  nfJv  / 


1  8 

(6.4. 1-3) 
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The  first  term  on  the  right  hand  side  of  Eq.  (6. 4. 1-3) 
is  the  zero-order  light  intensity  resulting  from  diffraction 
due  to  the  configuration  of  optical  aperture.  The  term 
(1  -  r (0) )  takes  account  of  the  light  which  has  been  diffracted 
away  from  the  zero  order  by  the  random  signal,  and  the  con¬ 
tribution  fr>->m  the  random  process  is  described  by  the  ex¬ 
pression: 


D/2  D/2  -j27ru(x  -x  ) 

R(u,v)  ■  Z2{v)N  /  /  r(x  ,x  )e 

-D/2  -D/2  1  2 


dx  dx 
1  2 


Z2(v)R(u) 


Since  the  random  ultrasonic  disturbance  is  assumed  to 
be  a  function  of  x  alone,  it  is  seen  that  only  the  u  var¬ 
iation  will  depend  upon  the  statistical  properties  of  the 
random  process,  the  v  variation  being  dependent  only  upon 
the  width  of  the  ultrasonic  wave  through  the  function: 


!{v)  -( 


b  sin  7rbv 
rrbv  y 


It  is  also  seen  that  the  response  to  N  channels  is 
N  times  that  of  a  single  channel.  Thus  the  light  intensity 
from  each  channel  contributes  independently  to  the  total  out¬ 
put  and  all  contributions  resulting  from  interference  be¬ 
tween  diffracted  light  from  separate  channels  tend  to  be  can¬ 
celled.  This  follows  from  Eq.  (6.4. 1-2)  and  the  assumption 
of  zero  mean  and  independence  of  np(x)  and  ng(x)  .  In 
the  case  of  deterministic  signals,  however,  this  cancella¬ 
tion  between  outputs  from  separate  channels  does  not  take 
place  and  the  peak  output  intensity  is  proportional  to  N2. 
Thus,  as  will  be  seen,  the  output  signal  to  noise  ratio  (ig¬ 
noring  all  other  noise  sources)  will  tend  to  be  increased 
as  the  number  of  channels  increases. 
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( ii)  Gaussian  Random  Process 

In  this  cape  let  n(x)  be  a  random  sample  of  a  Gaus* 
sian  random  process  .  (not  necessarily  white  noise) .  As  be¬ 
fore  (Eq.  6. 4. 1-1)  the  contribution  to  output  light  ampli¬ 
tude  from  the  channel  located  at  y  -  pfj  is: 


9p(u>v)  «  Z(v)  e 


-j2.Tp£v  D/2  jn  (x)  -j2rrux 


/  e 
-D/2 


dx 


and 


*  [I  o(u,v)  I*]  -  *«(v)  E  E  e‘J2,r(p-q)ev  D/J  D/J 

P,  q  -D/2  -d/2 

j[np(x1)-nq(xi!)] 


E 


-j27Tu(x  -X  ) 
1  2 


e 


d.*,  dx 
1  2 


However,  since  the  process  is  assumed  Gaussian,  then 
for  each  value  of  x^  and  x  the  random  variable  £  de¬ 
fined  as: 

C  -  n(xi)  -  n(x2) 

is  itself  a  Gaussian  random  variable. 

Recall  that  the  characteristic  function  of  a  random 
variable  £  v/ith  probability  density  p(£)  is  defined  as: 

M.  (»)  ■  g[e  I  -  /  P(£)  e  d£ 

J  —CO 

and  that  if  £  is  Gaussian  with  zero  mean  and  variance  = a2, 
then : 


-0)2gg 


M ^  (oj)  =  e 


% 

> 


>• 

V 


I 


l 
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Thus: 


E  e 


j(n(x  )-n(x  )) 
1  2 


as  E 

L> 


e  J  -  Mc(l)  =  e 


where,  since  E[n(x)]  *  0  t 


a2  =  E 


[("K*  -  n(x2))2J  .!,(()  -  2  r(Xi,x 


In  the  case  of  N  channels: 

r  ^nD(x,  )-»„(*)]' 


r  iivv-vv'l  -r<°) 

Le  J  *  e  e 


and  since: 


D/2  D/2  -j27ru(x  -  x  ) 

f  f  is' 

J,-  J.  e  dx  dx  =  Z2(u) 

-D/2  -D/2  ie  '  ' 


then: 


e[|  G(u,v)  I2]  =  R^^v).  Z2(v)  e'r(0)  £  £  e“j2TT(p-q)6v 


p  q 


D/2  D/2  r(xitxa)6pq  -j2m»(xi-x  ) 

J  J  e  e 


-D/2  -D/2 


dx  dx 
1  2 


-r(0) 


=  e  Z2(v)Z 


r-(“)  - »] 


-r(0)  D/2  D/2  r(x,x)  -jrru(x  -x  ) 

+  e  z£(v)H  /  /  e  e  ‘  '  4,  (6  4  1-4) 

-D/2  -D/2  ^^o.^.x  *) 

which  is  exact.  Thus  the  contribution  from  the  random  pro¬ 
cess  in  the  Gaussian  case  occurs  through  the  expression: 


D/2  D/2  r(Xl,xE)  -j8mi(Xl-x  ) 

z2(v)»  /  /  e  e 

-D/2  -D/2 


dx  dx 
1  2 


Equation  (6. 4. 1-4)  can  now  be  reduced  to  that  of  the 
general  case,  since: 
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-r(0) 

e  •  1  -  r(0)  +  0’(n4) 
r(x  ,x  ) 

e  -  1  +  r(xi,xa)  +  ff(n4) 


and,  within  the  approximation  resulting  from  ignoring  error 
terms  of  the  order  of  n4  t 


Rr(u'v)  "  t1 

-r(0)] 

Z2(v) 

fz*(u)  ( 

42' 

sin  7tK3v\ 
sin  7i0v  / 

D/2 

D/2 

-j27Tu(x  -X  ) 

+  Z2(u)  N  + 

N  / 

/ 

r(x  ,x  ) 

1  2 

e 

-D/2 

-D/2 

1  2 

SC 

Z2(v)3 

52(U) 

/  sin  ttNB 
\sin  n^v 

-)  [l-r(O)] 

D/2 

D/2 

-j2rru(x1  -  xj 

+  z2(v)n 

/ 

/  r 

(x  ,x  )  e 

-D/2  -D/2 


Zs(u)N 

dx  dx 
1  2 


dx  dx 
1  2 


which  is  identical  with  Eq.  (6. 4.1-3) 

Consider  some  specific  examples i 
U)  Stationary  White  Noise:  Infinite  Bandwidth 

I«t  the  random  electrical  signals  n(t)  be  samples 
of  stationary  white  noise  with  power  spectral  density  WQ  . 
Then,  ignoring  the  finite  bandwidth  of  the  light  modulator, 
the  power  spectral  density  of  the  random  ultrasonic  disturb¬ 
ance  will  be  KWo  where  K  is  a  constant  representing  a 
possible  attenuation  in  noise  power,  and  also  incorporates 
any  necessary  changes  of  units.  Then t 


r(x  ,x  )  -  r(x  -x  )  -  KW  ft(x  -x  ) 
12  '  1  2  o  v  i  2 
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D/2  D/2  —  j  2ttu  ( x  -x  ) 

Z2(v)KW  N  /  /  6(x  -x  )  12 

-D/2  -D/2  ’ 


dx  dx 

1  2 


Z2  ( v)  KW  ND 

This  result  is  consistent  with  this  optical  proces¬ 
sor's  behavior  as  a  spectrum  analyzer.  It  has  been  shown 
(Eq.  2. 1-6)  that  a  sinusoidal  signal  of  frequency  f^  ap¬ 
plied  to  a  single-channel  light  modulator  of  length  D  and 
width  b  will  result  in  first-order  output  light  amplitude 
of  the  form: 


Z(v) 


D  sin  ttD(u+-^)  D  sin  ttD(u--^) 

-  +  _ 

L  7TD(u  +  ~±)  7TD(u  -  ~) 

s  (6. 4. 1-5) 


where  S  is  the  sonic  velocity. 

The  distance  of  these  "spectral  lines"  from  the  line 
u  *  0  is  a  function  of  the  frequency  of  the  electrical  sig¬ 
nal  at  the  transducer.  Thus,  under  assumption  of  infinite 
bandwidth,  white  noise,  having  power  at  all  frequencies,  re¬ 
sults  in  a  constant  light  intensity  for  all  values  of  the 
spatial- frequency  variable  "u". 

(Ai)  Stationary  White  Noise:  Band  Limited 

The  band- pass  characteristics  of  the  light  modulator 
used  in  this  method  of  electro-optical  processing  are  deter¬ 
mined  by  the  bandwidth  of  the  piezoelectric  transducers. 

This  may  be  written  (Mason,  1948,  Liben  i960): 

B  -  kf^ 


COLUMBIA  UNIVERSITY-ELECTRONICS  RESEARCH  LABORATORIES 

where : 

B  »  electrical  bandwidth  of  light  modulator 

ft  *  resonant  frequency  of  piezoelectric  transducer 

and  k  is  a  constant  equal  to  \  in  the  ideal  case  (Mason 
1948,  Liben  i960) . 

In  terms  of  the  upper  and  lower  3  db  frequencies  the 
bandwidth  can  also  be  written  as: 


B  =  f  -  f 

2  1 

Thus,  jince  an  electrical  signal  of  frequency  f.  will 
result  in  an  ultrasonic  signal  with  spatial  frequency:1  f  * 
__i  ,  then  it  is  possible  to  define  the  spatial  bandwidth  as: 
f  -  f 


B 


S 


1  B  ,  _ 

■  S  (units  of  cycles  per  meter) 


If  the  resonant  frequency  of  the  piezoelectric  trans¬ 
ducer  is  ffc  ,  then  the  resonant  spatial  frequency  will  be:* 

f. 


and,  in  the  band- limited  case,  the  power  spectral  density  of 
the  ultrasonic  disturbance  due  to  white  noise  can  be  written 
as  (considering  for  convenience  positive  frequencies  only): 


KW  recfc 
o 


where 


rect(L)  .  { 


1  1  f  l<  if 

0  otherwise 


A*  f  change  in  notation;  fQ  is  not  to  be  confused 
with  the  intermediate  frequency  of  Secs.  6.1,  6.2  and  6.3. 
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Therefore  by  stationarity  of  the  random  process: 


r (x  -x  )  =  KW  /  e 
12  °  B 


f+!i 
O  2  j27Tf(x  -X  ) 
1  z' 


df  -  KW  e 
o 


j2r'£o(xi-X2) 


B.* 


f _ §. 

o  2 


sin  ttB  (x  -x  ) 
s  1  2 


and  (Eq.  6. 4. 1-3): 


R(u,v)  =  Z2(v)NKW  B  If 


D/r2  D/r2  sin  -*8)  ”l27r(u-f0)  (x^-x^) 


°  8  -D/2  -D/2  ttB  (x  -x  ) 

S  i  2 


dx  dx 
1  2 


In  order  to  evaluate  the  integral,  let  0  =  u  -  f 


and  observe  that* 
D/2 


1  ,  sin  7TB „(x  -X  )  -j27T0X 

/  - 


D/2  ttB  ( x  -x  ) 

3  X  2 


dx 


is  the  Fourier  transform,  with  respect  to  the  variable  0  , 
of: 


rect 


fc). 


sin  7rB  ( x  -x  ) 
s'  1  z' 


7m  (x  -x  ) 
s'  1  Z 


and  is  therefore  the  convolution  of 

-j2rr0x 


T  -j2rr0x 

rect(f ) 
s  s  _ 


Hence  : 

D/2 

R(u,v)  *  Z2(v)NKW  B  / 

°  8  -D/2 


B 


s 


B 


2  -j2rrAx 

1.  f  D  sin  7rD( 0— A )  1 

\  J  - : - : -  e 


3  fs 

“  2 


7tD(0-a) 


dA 


j  2tt  fix 


dx 
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Ey  interchanging  the  order  of  integration: 


2 


Since : 

00 

f  (  sin  ttD (0-x)  \  2  i 

J  V  WD(0-X)  )  D 

Then  allowing  the  bandwidth  to  become  infinite  results  in 
R(u,v)  »  Z2(v)NKWqD  as  before. 

In  order  to  evaluate: 


2 


recall  that,  in  the  most  general  case,  this  electro-optical 
processor  is  used  to  process  signals  from  a  planar  array  an¬ 
tenna  with  M  rows  and  N  columns,  that  the  M  signals  from  each 
of  the  N  columns  are  time  multiplexed  to  form  time  sequences 
of  M  pulses,  and  that  the  N  time  sequences  are  fed  into  sep¬ 
arate  channels  of  the  light  modulator.  Thus  the  value  of 
3,  the  length  of  the  light  modulator  channels,  must  be  cho¬ 
sen  so  that,  at  a  given  instant  of  time,  all  of  the  M  time- 

mu^^^P^-exe<^  pulses  will  be  able  to  fit  into  the  optical  ap¬ 
erture  . 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


Hence  (Eq.  6.2-5  et.  seq. ) : 


D  ~  MTS 


f  Tfii 


where 


M  «  number  of  rows  in  the  array 
T  =  pulse  duration  Z  -jr 

D 

S  =  sonic  velocity 


and 


n  ~  MS  M 

D  -t  ■  r 


In  a  large  aperture-bandwidth  case,  say:  M  >  100 
and  therefore  B  >  >  ^  .  Thus  (see  Pig.  6.4. l-l)  since 

o  kJ  i  2 

over  90  percent  of  the  total  area  under  the  curve  X) 

falls  under  the  main  lobe  (-5  <  x  <  +^)  ,  the  value  of  the 
integral  should  be  very  nearly  constant  and  approximately 
equal  to  ^  for  values  of  u  in  the  range: 


B 


--#+5<u<f 


and  for  values  of  u  such  that: 


B 

o  +  ~2 


1 

D 


B 


fo  + 


+  D  <  U< 


B. 


f  - 


1 

D 


the  integral  should  be  very  nearly  zero  since  only  the  side 
lobes  of  the  integrand  will  fall  into  the  region  of  integra¬ 
tion  (Fig.  6.4. 1-2).  As  a  result,  since  the  observation 
region  in  this  signal  processor  encompasses  the  region: 


fo  “ 


B 

-fiU< 


B 


fo  + 


s 
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t  le  net  effect  of  band-limited  white  noise  should  be  to  pro¬ 
duce  a  nearly  constant  light  intensity  equal  to: 

R(u,v)  -  ^(vjNKWjD 

over  the  output  region  of  interest. 

T  xs  result  is  verified  in  Appendix  C  in  which  the  re¬ 
sults  of  evaluating  the  integral: 

B 

+  _§ 

2  /  v  2 

C  (  sin  ttd(0-?O\ 

3  V  *©(0-k)  )  A 

_ s 

“  2 

on  a  computer  arc  presented.  It  is  seen  in  fact  that  for 
M  >  10  ,  the  approximation  that  band-limited  white  noise 
results  in  constant  light  intensity  over  the  region: 


f  o  -  -f  <  u  <  f  0  +  -f 


is  good.  This  result  is  also  seen  to  be  consistent  with  the 
behavior  of  this  electro-optical  processor  as  a  spectrum  an¬ 
alyzer  (Eq.  6.4. 1-5). 


6  •  4 . 2  EVALUATION  OF  SIGNAL  TO  NOISE  DEGRADATION 

In  considering  the  form  of  tie  first-order  diffrac¬ 
tion  pattern  for  the  linear  array  it  can  be  seen  t*.  at  in 
every  case  (Eqs.  6. 1.1-2,  6. 1.1-3,  and  6.2-7)  the  relative 
peak  first  order  intensity,  I  G  |2  ,  is  equal  to: 


G  I2 
iP  1 


-f  N2b2d2 


(6. 4. 2-1) 
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and  foi  the  planar  array  the  peak  first-order  intensity  is 
(Eqs.  6.3-20,  6. 3. 1-1  and  6. 3. 1-2): 

I  Glf  I2  -  Nab2«®da  (6. 4. 2-2) 

It  is  evident  therefore  that  for  both  the  linear  and 
the  planar  arrays 

2 

I  GlP  I2  ■  Tj“  [area  covered  by  ultrasonic  signal]2 

(6. 4.2-3) 

The  actual  value  of  output  light  intensity  is  of  course 
dependent  on  the  power  in  the  light  incident  on  the  optical 
aperture.  Regardless  of  the  actual  value,  however,  it  is  seen 
that  in  all  cases  (i.e.,  large  and  small  aperture-bandwidth 
product  and  linear  and  planar  array  antennas)  the  peak  out¬ 
put  light  intensity  which  has  been  diffracted  by  the  ultra¬ 
sonic  signals  must  be  proportional  to  the  square  of  the  area 
covered  by  the  signals  in  the  optical  aperture. 

When  the  piezoelectric  transducers  are  excited  by  sta¬ 
tionary  white  noise,  the  output  intensity  in  the  region  of 
interest  has  been  she vn  t:>  be  proportional  to  (Sec.  6.4.1 
examples  (i)  and  (ii)): 


R(u,v)  -  Z2(v)NKWqD  (6.4. 2-4) 


.  from  which: 

KWq 

R(u,v)  <  [area  covered  by  random  ultrasonic 

disturbance] 2 


Thus  let: 
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A  =  maximum  area  in  optical  aperture  covered  by  signal 

S 

An  =  area  in  optical  aperture  covered  by  noise 


and  the  peak  signal  to  peak  noise  ratio  in  the  output  plane 


is: 


P 


^m  _ND_  £ 

TiCWo  A2 


(6.4. 2-5) 


Now  the  fact  that  large  aperture-bandwidth  processing 
ing  will  lead  to  a  degradation  in  signal  to  noise  ratio  can 
be  seen  by  comparing  F5gs.  6.1-3  and  6.3~3  with  Figs.  2.2-3 
and  2.4-3. 

In  the  case  of  small  aperture-bandwidth  product  the 
displacement  in  the  received  signal  envelopes  can  be  ignored 
(Sec.  6.1);  then,  at  some  instant  of  time,  the  ensemble  of 
ultrasonic  signals  can  be  assumed  to  completely  fill  the  ap¬ 
erture  (Lambert  1965 ,  see  Figs.  2.2-3  and  2.4-3).  Thus  since 

A2  ~  A2,  then, for  both  linear  and  planar  small  aperture- 
s  n 

bandwidth  arrays,  the  signal  to  noise  ratio  assuming  sta¬ 
tionary  white  noise  becomes: 


^m  ND 
P  '  T  KW 

O 


(6. 4. 2-6) 


When  the  aperture-bandwidth  product  is  large, however , 
the  time  delays  between  received  signals  cannot  be  ignored 
and  the  ultrasonic  signals  become  skewed  across  the  width  of 
the  optical  aperture  (  Figs.  6.1-3,  6.3-3  ).  Thus,  since 

the  aperture  must  be  large  enough  to  contain  all  the  pulses, 
at  no  time  will  it  be  completely  filled  with  signal;  hence 
the  area  occupied  by  noise  will  always  exceed  that  which  is 
occupied  by  signal  and  a  degradation  in  signal  to  noise  ratio 
ovar  that  which  is  expressed  in  Eq.  (6. 4. 2-6),  will  result. 
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Therefore  in  order  to  evaluate  this  effect,  let  the  degrada¬ 
tion  be  defined  as: 


A_xa 


Degr.  »  -10  log  (j^) 


(6. 4. 2-7) 


This  quantity  will  now  be  obtained  for  the  linear  and 
planar  large  aperture-bandwidth  arrays. 


(*)  Degradation  in  Large  Aperture-Bandwidth  Linear  Arrays 
Spatial  Multiplexing 

Since  Ax  =  — -|in  9,  it  is  seen  in  Fig.  6. 4. 2-2  that 
the  skewing  of  the  ensemble  of  ultrasonic  pulses  will  become 
more  pronounced  as  |  0  |  increases.  The  length  of  the  aper¬ 
ture  must  be  large  enough  to  accomodate  the  maximum  off-bore- 
sight  signal  which  the  antenna  is  required  to  cove;;  there¬ 
fore  if  the  pulse  duration  is  T  the  length  of  each  ultra¬ 
sonic  pulse  will  be  d  =  S'.’  ,  and  (assuming  ) : 

c  2£c 

S(K  -  1)  sin  |  0  | 

D  =  d+ - ^ - S132L  (6.  4.2-8) 


In  this  case: 


but : 


and  since 


As  =  tTbd  ,  An  *  NbD  ,  and  ^ 

s 


n  S(N  -  1)  sin  |  0  I 

—  s*  1  +  - — - ilSa 

d  d2f 

c 


d  =  ST  :  | 


then  (letting  |  0  |  -  90  deg): 

IllaX 
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Degr.  »  -  10  log 


—  * 
1  B(B-l) 

S 

_  on  i 

.  B(N-1) 

1  +  2f 

C 

■  —  d\J  log 

2fc 

L-  /  /r  it 

Thus  it  is  seen  that, in  the  spatially  multiplexing  of 
large  aperture-bandwidtn  product  linear- array  signals,  a  sig¬ 
nificant  degradation  in  signal  to  noise  ratio,  over  the  small 
aperture -bandwidth  case,  can  take  place.  The  actual  amount 
of  degradation  will  depend  upon  the  number  of  elements,  N, 
and  the  quantity  which  is  the  fractional  bandwidth  of 

the  transmitted  signal.  Some  representative  values  will  be 
given  at  the  end  of  this  section. 

( Degradation  in  Large  Aperture-Bandwidth  Planar  Arrays 
In  this  case : 

S6,,  sin  0.. 


Ax  -  SAT 


and, in  order  that  the  aperture  be  large  enough  to  accommo¬ 
date  all  the  pulses,  the  length  of  the  light  modulator  chan¬ 
nels,  D  ,  must  be  such  that  (Fig.  6. 4. 2-4): 


D  -  S(M-l)  |  Ta  |max  +  ST  +  S(N-l)  |  AT 


y  'max 


Let 


then: 


6 


x  'max 


1  0y  Lax  *  90  de9 


6  6 

Atx  I  =  |  At  I  max  =  2J~  (assuming  -f  =  . 


Thus  (Eq.  6.2-5  et.  seq. ) 


2f  - a-  c  c  -  2f 

^  c 


and: 


ds  I  max  S  I  Ts  Lax  *  S 


(T  +  t) 

D  -  S(M-l)  |t  +  ~j  +  ST  + 
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D  -  MST  +  2  M  +  N  -  3  g 

2fc 

D  «  Md  +  £.*L+_*?  -  3  s 

2  f 

C 

where,  as  before,  d  ■  length  of  single  ultrasonic  pulse  «  ST. 
In  the  case  of  the  planar  array: 


Ag  -  MdNb 


hence  t 


and  since 


A_  -  NbD 
n 


-a  .  JL  m  !  +  1.M +  i  -_i 

A  Md  2f  Md 

s  c 


d  ■  st  :|  , 


then: 


Degr.  -  -  10  log  £l  +  2  M  +„*  ~  3  -gf-J"'  (6.4.2-10) 


Therefore  it  can  be  seen  at  once  that, in  the  case  of 
the  planar  array,  the  degradation  will  not  be  as  large  as 
it  is  for  the  linear  array  since: 


M  2  N  >  >  3 

and  thus: 

Degr.  Z  -  20  log  £l  +  |  —■  J  (6.4.2-11) 

This  follows  from  the  fact  that,  with  the  planar  array,  the 
skewing  of  each  sequence  of  time -multiplexed  pulses  is  no 
greater  than  that  which  occurred  on  each  single  pulse  in  the 


mam 
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case  of  the  spatially-multiplexed  linear  array.  Thus  planar 
array  processing  makes  more  efficient  use  of  the  area  of  the 
optical  aperture  and  the  degradation  will  be  less.  Note  that 
Degr.  for  the  time-multiplexed  linear  array  can  be  obtained 
from  Eq.  (6.4.2-10)  by  setting  N=1  .  It  is  seen  that  in 
this  case : 


(6.4.2-12) 


Degr.  Z  -  20  log  £l  +  y-  J 

which  is  less  than  for  the  planar  array. 

Values  of  Degr.  for  different  size  antennas  and  dif¬ 
ferent  fractional  bandwidths  are  presented  below. 


Linear  Array 


£ 

—  ■  fractional  bandwidth  * 
c  of  transmitted  signal 

.05 

.10 

.15 

.2 

N  *  24 

3.9 

6.4 

8.7 

10.4 

N  «  100 

10.7 

15.4 

18.5 

20.6 

N  -  300 

18.6 

24.0 

27.4 

30. 
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f  *  fractional  bandwidth  ■  .05  .10 

c  of  transmitted  signal 


The  entries  in  the  above  tables  are  the  amounts  of  deg¬ 
radation,  in  decibels,  for  different  si^e  linear  and  planar  ar¬ 
rays  and  for  different  values  of  fractional  bandwidth,  . 

For  convenience  the  planar  array  has  been  assumed  square0 
(m«n)  . 


6.5  SUMMARY  AND  CONCLUSIONS 

This  section  has  considered  the  extraction  of  informa¬ 
tion  from  the  diffraction  patterns  which  would  occur  in  elec¬ 
tro-optical  processing  of  large  aperture-bandwidth  array  an¬ 
tennas.  It  has  been  shown  that  under  these  conditions  the 
complex  optical  transmission  function  would  be  non-separable 
and  the  resulting  diffraction  patterns  have  been  obtained 
here  for  the  first  time. 

The  effects  of  non-separability  have  been  analyzed 
and  the  necessary  interpretation  of  the  location  of  peak 
first-order  light  intensity,  in  terms  of  the  angle  informa¬ 
tion  contained  in  the  optical  transmission  function,  has 
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been  obtained.  It  has  been  shown  that,  in  the  case  of  the 
planar  array,  this  interpretation  will  not  be  the  same  as  it 
is  when  the  transmission  function  is  separable. 

The  effects  of  the  non- separable  transmission  function 
on  the  output  signal  to  noise  ratio  have  also  been  evaluated. 
The  results  of  this  analysis  indicate  that,  in  the  case  of 
the  large  aperture-bandwidth  planar  array,  the  degradation 
in  signal  to  noise  ratio  would  not  be  significant.  In  elec¬ 
tro-optical  processing  of  large  aperture-bandwidth  linear 
arrays  it  has  been  shown  that  the  spatially-multiplexed  con¬ 
figuration  could  introduce  a  serious  signal  to  noise  degra¬ 
dation  which,  however,  could  be  avoided  with  the  use  of  time 
multiplexing. 


t 
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7.  EXPERIMENTAL  INVESTIGATIONS 

The  results  of  the  preceding  chapters  indicate,  from 
theoretical  considerations,  that  Debye-Sears  light  modulators 
employing  fused- silica  as  the  light-modulator  medium  will  be 
applicable  to  electro-optical  array-antenna  processing,  and 
will  provide  significant  gains  in  signa] -processing  capacity 
over  that  which  can  be  achieved  with  liquid  light  modulators. 
The  purpose  of  this  chapter  is  to  present  experimental  veri¬ 
fication  of  these  theoretical  conclusions. 

The  specific  experimental  investigations  which  are 
relevant  to  the  above  results  have  been  indicated  in  the  pre¬ 
ceding  chapters.  They  fall  into  two  categories.  It  is  first 
of  all  necessary  to  demonstrate  the  suitability  of  the  fused- 
silica  light- modulator  medium  for  electro-optical  processing 
and  then  to  verify  the  theoretical  evaluation  of  its  signal¬ 
processing  capacity.  With  regard  to  the  former,  the  impor¬ 
tant  considerations  are:  the  linearity  of  the  electro-acous¬ 
tic  transfer  characteristics  and  the  ability  of  a  fused-sil- 
ica  light- modulator  to  produce  diffraction  patterns  without 
introducing  optical  distortion.  In  evaluating  the  process¬ 
ing  capacity  it  has  been  assumed:  that  the  light- modulator 
bandwidth  will  be  approximately  50  per  cent  of  the  resonant 
transducer  frequency;  that  internal- refraction  effects  can 
be  controlled  by  proper  choice  of  transducer  depth;  and  that 
adjacent  channels  in  the  spatially- multiplexed  configuration 
can  be  spaced  by  one  transducer  width.  Thus  the  experimen¬ 
tal  work  followed  this  outline,  and  the  results  were  found 
to  support  the  conclusions  concerning  the  use  of  fu»ed-sil- 
ica  light  modulators  in  electro-optical  array-antenna  pro¬ 
cessing.  The  following  sections  present  some  of  the  data 
resulting  from  these  experiments. 
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7.1  DESCRIPTION  OF  MEASUREMENT  APPABATTTfi 


The  experiments  with  the  fused-silica  light- modulators 
were  performed  on  the  coherent  optical  configuration  shown 
schematically  in  Fig.  7.1-1. 

All  the  optical  components  and  the  collimated  regions, 
in  which  the  experimental  modulators  were  placed,  were  shielded 
against  extraneous  li>  ht,  dust,  and  the  motion  of  the  air,  by 
cylindrical-bellows  light  shields  and  light-tight  boxes.  The 
complete  operating  system  is  shown  in  Fig.  7.1-2. 

The  optical  table  was  a  16  ft.  x  18  in.  x  16  in.  gran¬ 
ite  block  mounted  on  an  18  in.  steel  channel  fabricated  to 
form  a  T-shaped  support  (Fig.  7. 1“3)>  and  the  steel  base  was 
supported,  in  tripod  fashion,  by  air-operated,  self- regula¬ 
ting  damping  mounts.  The  top  surface  of  the  table  was  ground 
to  a  flatness  of  ±  0.0001  in.  and  a  T-shaped  slot,  1  in.  wide 
by  14  ft.  long,  was  machined  into  it,  along  the  center  line, 
to  accommodate  the  optical  components.  To  provide  a  refer¬ 
ence  surface  for  these  components,  one  side  of  the  slot  was 
hand  finished  to  a  flatness  oi  0.001  in. 

In  these  experiments,  the  laser  light  source  produced 
a  1,8  mm  diameter  linearly-polarized  beam  with  a  wavelength 
of  .6328p.  .  The  polarization  in  this  case  was  verified  by 
means  of  a  Nichol  prism  to  be  vertical  (perpendicular  to 
the  surface  of  the  optical  bench).  The  light  beam  emerging 
from  the  lacer  was  adapted  to  the  requirements  of  the  exper¬ 
iments  by  mt-ans  of  the  spreading- lens  assembly  shown  in 
Fig.  7. 1-4.  The  assembly  consisted  of  a  microscope  objec¬ 
tive  lens,  fixed  to  a  flat  plate  supported  by  a  lens  mount, 
and  a  pinhole  subassembly  attached  to  a  microscope  barrel. 

The  actual  size  of  the  pinhole  as  well  as  the  focal  length 
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810H-321-0098 


1 .  Lena  Mount 

2.  Microscope-Barrel  Assembly 

3.  Coarse  Focusing  Adjustment 

4.  Fine  Focusing  Adjustment 

5.  Pinhole  Assembly 

6.  Pinhole  Positioning  Screws 

7.  Microscope  Objective  Lens 

8.  Ob jective- Lens  Holder 

9.  Spreader-Lens- Assemb ’ y  Mounting  Plate 

10.  Lens-Mount  Locking  Knob 

11.  Mounting-Plate  Adjustment  Screws 
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Fig.  7 .1-4  Spreader- Len»  Assembly 
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of  the  microscope  objective  (spreading  lens)  varied  with  the 
experiment.  The  barrel  assembly  was  attached  to  the  same 
flat  plate  on  which  the  objective  lens  was  mounted ;  and  turn¬ 
ing  the  focusing  knob  moved  the  barrel  along  the  lin*  of  the 
optical  axis  which  thus  allowed  precise  positioning  of  the 
pinhole  in  the  focal  plane  of  the  objective  lens;  the  actual 
location  of  the  pinhole  at  the  focal  point  was  affected  by 
the  pinhole-positioning  screws  (Pig.  7,1-4).  In  this  way, 
the  pinhole  could  be  positioned  so  that  a  uniform  illumina¬ 
tion  appeared  across  the  collimating- lens  aperture  (Fig.  7.1-5), 

The  light  modulator  was  always  located  in  the  colli¬ 
mated  region  which  refers  to  the  space  in  between  the  colli¬ 
mating  and  integrating  lenses  (Fig.  7.1-1).  Fig.  7. 1-6 
shows  the  rotary  table  which  was  used  to  support  the  frame 
holding  the  modulator.  The  rotary  table  provided  six  degrees 
of  freedom  for  precise  positioning  of  the  fused-silica  mod¬ 
ulator  held  by  the  frame.  The  complexity  of  table  was  neces¬ 
sary  to  ensure  that  the  incident  light  was  normal  to  the 
fas e  of  the  modulator.  Lateral  and  vertical  adjustment  was 
provided  so  that  all  portions  of  the  modulator  could  be  il¬ 
luminated  with  a  given  size  optical  aperture.  The  aperture 
stop  is  also  shown  in  Fig.  7.1”6.  This  stop  was  continu¬ 
ously  adjustable,  in  two  dimensions  from  zero  to  four  in 

*  9 

and  was  calibrated  so  that,  over  its  range,  any  size  rec¬ 
tangular  aperture  could  be  obtained. 

The  frame  holding  the  light  modulator  was  designed  so 
that  minimum  clamping  pressure  was  applied.  Provision  was 
also  made  for  electrical  cable  connection  to  the  transducer 
in  which  the  tension  of  the  coaxial  driver  cable  was  re¬ 
lieved  by  a  structural  support  rrgidly  attached  to  the  frame; 
thus,  no  tension  existed  at  the  transducer  connection. 
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7.1-6  Details  of  Collimated  Light 
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Detection  of  the  light-modulator  output  was  made  with 
the  scanning  mechanism  shown  in  Figs.  7.1-7  and  7.1-8.  In 
this  device  a  precision  xy-table  was  mounted  above  the  opti¬ 
cal  axis  of  the  system  rather  than  normal  to  it  and  the*  con¬ 
verging  beam  from  the  integrating  lens  was  folded,  within 
the  t(»ble  support,  by  a  precision  flat  mirror  set  at  45  deg 
to  the  optic  axis.  Provision  was  made  to  rotate  this  mirror 
out  of  the  system  to  permit  the  light  beam  to  fall  on  the 
auto-collimator  telescope  for  alignment  purposes. 


The  image  plane  of  the  integrating  lens  was  coincident 
with  the  plane  of  the  xy-table,  in  which  an  adjustable  slit 
was  mounted,  and  the  table  was  positioned  by  means  of  the 
manually-operated  traversing  knobs.  Electrical  readout  of 
the  table  position  was  continuously  given  by  two  potentio¬ 
meters  directly  coupled  to  the  table-control  shafts. 


Above  the  slit  assembly  was  a  continuously  variable 
neutral-density  filter  used  to  limit  the  peak  intensity  of 
light  entering  the  photomultiplier.  The  combination  of  fil¬ 
ter  and  photomultiplier  was  rigidly  attached  to  the  xy-table 
and  moved  with  the  table  so  that  this  unit  was  always  in  the 
correct  position  with  regard  to  the  slit.  The  entire  scan¬ 
ner  mechanism  was  enclosed  in  a  light-tight  box  (Figs.  7.1-2 
and  7.1-8),  with  c.ccess  to  controls  and  adjustment  provided 

by  magnetically-held  access  panels  and  through-wall  connec¬ 
tions. 


*  Note:  The  linear 
ally  referred  to  as 


output  variables  in  this  system  are  actu- 

X  anri  \r 
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1. 

Photomultiplier  Output  Connector 

9. 

Table-Rotation  Control 

a . 

Variable  Density  Filter 

10. 

Light-Input  Slot 

}■ 

Slit  Mount 

11. 

Mirror-Position  Control 

4  . 

x  .y-Table 

12. 

Autocollimator -Telescope  Mount 

9. 

y-Axis  Analog  Potentiometer 

13. 

Au* ocollimator  Telescope 

6. 

y-Travcrse  Mechanisms 

14  . 

T-Slot  Guide 

7. 

x-Axis  Analog  Potentiometer 

19- 

Granite  Optical  Table 

o . 

x-Traverse  Mechanisms 

16. 

x, y-Table  Support 

Fig.  7.1-7  x,y-Stage»  Scanning-Mechanism  Details 

-179- 


1.  Light  Shield  BlOH-321-OO'rt 

2.  Si  it- Traversing  Knob 

3.  Traversing-Mechanism  Connecting  Shaft 

4.  Pellicle-Assembly  Support  Bar 

5.  Mirror-Position  Lever 

6.  Window  for  Pellicle  Assembly 

7.  Photomultiplier  Voltage  Divider  Unit 


Fig.  7 .1-8  Scanning-Mechanism  Assembly 
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7.2  BASIC  SYSTEMS  MEASUREMENTS 

f 

7.2.1  MEASUREMENT  OF  LIGHT -INTENSITY  DISTRIBUTION 

IN  IMAGE  PLANE 

Consider  the  zero-order  light  diffraction  pat¬ 
tern  produced  by  a  rectangular  optical  aperture  of  length 
d(x  dimension)  and  width  b(y  dimension) j  the  relative  light 
intensity  in  the  image  plane  will  be  given  by  (Eq.  2.1-2): 

|G(U,^  (aj*. ja)*  -  ze(V)ze(u) 

(7.2. 1-1) 

The  ideal  pattern  producer  by  the  peaks  and  nulls  of  (G(u,v)p 
is  shown  in  Fig.  7. 2. 1-1. 

The  actual  value  of  light  intensity  can  be 
measured  by  the  scanning  apparatus  (Figs.  7.1-7  and  7. 1-8, 
which  is  represented  schematically  in  Fig.  7. 2. 1-2.  In  making 
such  a  measurement  the  slit  is  positioned  at  some  fixed 
value  of  u  or  v  and  is  scanned  in  the  orthogonal  dimen- 
sim;  thus  in  Fig.  7.2.1- 1  the  slit  is  shewn  to  be  positioned 
at  v  -  0  and  the  resulting  measured  relative  light  intens¬ 
ity  would  be: 


|  G(u,0)  |2  -  b2Z2(u)  (7.2. 1-2) 

The  orthogonal  scan  could  of  course  be  obtained  by  rotating 
the  slit  by  90  deg  ahd  positioning  it  at  u  *  0  .  In  this 
case  the  relative  measured  light  intensity  would  be: 

I  G(0,v)  |2  -  D2Z2(v)  (7. 2. 1-3) 

Some  representative  measurements  of  this  kind 
are  presented  in  Figs.  7. 2.1-3  and  7. 2. 1-4.  It  is  seen  that 
zero-order  intensities  can  be  obtained  which  are  close  to  ideal. 
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I -I  SCHEMATIC  REPRESENTATION  OF  FINE  STRUCTURE  FOR  IDEAL 
ZERO -ORDER  LIGHT  DISTRIBUTION 
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FIG.  7.2. 


SCHEMATIC  DIAGRAM  OF  APPARATUS  FOR  MEASURING  SPATIAL 
LIGHT  -  INTENSITY  DIS  TRIBUTION 
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FIG.  7.2.1 -3  OUTPUT  FOCAL-PLANE  LIGHT-INTENSITY  DISTRIBUTION  ALONG 

x,  COORDINATE  WITH  3"x  3"  APERTURE 
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FIG.  72.1-4  OUTPUT  FOCAL -P'  ANE  LIGHT-INTENSITY  DISTRIBUTION  ALONG 

y,  COORDINATE  WITH  2%  2"  APERTURE 
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Data  of  thi.  Kind  provide  indication,  of  mi.allqnment  of 
the  optical  «y.t*m,  focu.ing  error.,  len.  error.,  and  non¬ 
uniformity  in  the  amplitude  and  pha.e  front  of  the  light 
dl.tribution  in  the  collimated  region,  ihe  optical  quality 
of  a  tran.parent  medium  can  al.o  be  te.ted  by  the.e  zero- 
order  mea.urement.  and,  in  thi.  way,  all  the  fu.ed-.ilica 
blank,  u.ed  in  the.e  experiment,  were  verified  to  be  free  of 
significant  re.idual  .tre..e.  and  .urf.c.  irregularities 

In  measuring  the  first-order  diffracted  light 
intensity  it  is  of  course  necessary  to  consider  regions  of 
Lthe  image  plane  which  arc  removed  from  the  origin  (Ch.  2). 

^ .Since  the  direction  of  ultrasonic  propagation  in  these  ex¬ 
periments  was  always  in  the  x  direction,  the  region  of  in¬ 
terest  la y  along  the  u  axis  (where  Z2(v)  -  b2)  at  a  dis¬ 
tance  from  the  origin  which  was  consistent  with  the  fre¬ 
quency  of  the  acoustic  wave.  In  considering  the  zero-order 

intensity  in  these  regions  the  ideal  light  level  can  be  de¬ 
fined  as: 

L(u)  "  (7Fd^2  (7.2. 1-4) 

It  is  seen  that  L(u)  is  the  envelope  of  the  side  lobes  of 
Z2(u)  (Fig.  7. 2. 1-5), 

In  general,  the  measured  light  level  will  be 
somewhat  higher  than  that  given  by  l(u)  resulting  from 
light  which  is  scattered  because  of  imperfections  in  the 
lens  surfaces.  Since  scattered  light  tends  to  obscure  the 
location  of  peak  first-order  intensity,  thus  decreasing  the 
dynamic  range  of  the  system,  it  is  of  course  desirable  to 
keep  the  light  level  as  close  as  is  possible  to  the  ideal 
in  the  output  region  of  interest.  A  measurement  of  the 
s  uttered  light  in  this  optical  system  is  presented  in  Fig. 
7.2. 1-6  along  with  the  theoretical  level.  The  output  region 
of  interest  is  noted  in  Fig.  7.2. 1-6.  It  is  seen  that  the 
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FIG.  7.2.I-5  IDEAL  -ZERO-ORDER  LIGHT- INTENSITY  DISTRIBUTION  FOR  APERTURE 
OF  LENGTH  D  .  ( SCAN  ALONG  u  AXIS  ) 


interest 
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scattered  light  level  in  this  region  was  approximately  5  db 
above  the  theoretical  value. 


7.2.2  MEASUREMENTS  USING  SCHLIEREN  TECHNIQUES 

The  Schlieren  configuration  is  diagrammed  in  Fig.  7.- 
2.2-1.  The  integrating  lens  produces,  in  the  (u,v)  plane, 
the  Fourier  transform  of  the  light  distribution  in  the  opti¬ 
cal  aperture,  and  the  imaging  lens  performs  a  second  Fourier- 
transform  operation  on  this  light  distribution  and  thus  re¬ 
produces  an  image  of  the  original  distribution  which  can  be 
observed  on  a  ground-glass  screen  or  recorded  on  film.  Since 
the  perturbations  of  the  aperture  light  distributions  caused 
by  the  ultrasonic  wave  are  small,  they  are  swamped  out  by 
the  D.C.  light  and,  ordinarily, cannot  be  observed.  If,  how¬ 
ever,  a  spatial  filter  is  employed  as  chown,  then  the  D.C. 
or  zero-order  light  is  blocked  out  and  the  imaging  lens  op¬ 
erates  only  on  the  light  which  has  been  diffracted  by  the 
acoustic  wave.  As  a  result  the  perturbations  in  the  aper¬ 
ture  light  distribution  can  now  be  observed  and  the  rer  sit¬ 
ing  image  will  be  that  of  the  ultrasonic  beam  only.  Since 
the  ultrasonic  beam  is  a  traveling  wave  its  image  is  smeared 
in  time  and  the  fine  (sinusoidal)  structure  is  obliterated. 
Its  spatial  configuration  in  the  light  modulator,  however, 
is  generally  what  is  of  interest  and  this  will  be  reproduced 
by  the  imaging  lens. 

As  is  seen  in  Fig.  7. 2.2-1,  the  two  first-order  fringes 

caused  by  diffraction  of  light  by  a  sinusoidal  acoustic  wave 

in  the  x  direction  lie  on  the  u  axis  at  the  points  u  «  ±  —  : 

s 
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FIG.  7  2.2-1  SCHLIEREN  CONFIGURATION 
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where : 

=  frequency  of  electrical  signal  exciting 
piezoelectric  transducer 

S  *  sonic  velocity 

and  similarly,  an  acoustic  wave  of  the  same  frequency  along 
the  y  axis  would  result  in  fringes  appearing  on  the  (ortho¬ 
gonal)  v  axis  at  the  points  v  ■  ±  -1  .  it  is  evident  there¬ 
fore  that  the  circle  in  the  (u,v)  plane  of  radius  r  «  |  -Li  | 
is  the  locus  of  all  first-order  fringes  resulting  from  ultra¬ 
sonic  diffraction  by  a  signal  with  spatial  frequency  f  m  -Li  t 
and  that  the  angles  projected  along  the  vertical  by  both  the 
line  drawn  through  the  two  fringes  and  the  direction  of  ultra¬ 
sonic  propagation  are  equal  (Fig.  7. 2. 2-2). 

Consider  a  specific  example.  A  rectangular  blank  of 
fused  silica  has  a  36  deg  wedge  cut  on  the  inactive  end  as 
shown  in  Fig.  7. 2. 2-3.  Thus  the  initial  ultrasonic  wave 
lies  along  the  x  axis  ,  the  first  reflection  makes  an 
angle  of  108  deg  with  positive  x  direction,  the  second  re¬ 
flection  makes  an  angle  of  72  deg  etc.  The  fact  that  the  re¬ 
flections  are  not  centered  at  the  origin  of  the  (x,y)  plane 

will  cause  a  phase  shift  in  the  diffracted  light,  but  will 
not  effect  its  position  in  the  (u,v)  plane.  Thus,  consid¬ 
ering  the  first  two  reflections  only,  (all  higher  reflections 
were  too  weak  to  be  observed)  the  fringes  should  appear  along 

lines  0O  =  0  ,  9  ^  -  108  deg  ,  9^  *  72  deg  as  shown  in 

Fig.  7. 2. 2-4.  This  in  fact  was  observed  experimentally,  and 
the  resulting  Schlieren  photograph  (Fig.  7. 2. 2-5)  was  re¬ 
corded  by  using  the  spatial  filter  shown  in  Fig.  7.2.2— 4 
This  technique  will  be  referred  to  again  in  Secs.  7.3.1  and 
7.4.3. 
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FIG  7.22-2  FIRST-ORDER  DIFFRACTION  FRINGES  FOR  ULTRASONIC  WAVE 

WITH  arbitrary  direction  of  propagation 
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THIRD  -»  SECOND 

REFLECTION  REFLECTION 


i  OPTICAL  APERTURE 

1 — ►  EXCLUDES  THIS  REGION 

IN  NORMAL  OPERATION 


_  A-32I*S*0274 

FIG.  7. 2.2 -3  OPERATION  OF  WEDGE 
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FIG.  72.2-4  DIFFRACTION  PATTERN  CAUSED  BY  INCIDENT  WAVE  AND  FIRST 

TWO  REFLECTIONS  FROM  36°  WEDGE 
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Schlieren  Photographs  of  Incident  Beam 
and  Observable  Reflections  From  36°  Wedge 


-195- 


COLUMBIA  UNIVERSITY— ELECTRONICS  RESEARCH  LABORATORIES 


7*  3  ULTRASONIC  LIGHT-DIFFRACTION  EXPERIMENTS  IN  AN 
AMORPHOUS  SOLID  MEDIUM 

The  bas  Lc  light-modulator  configuration  used  in  these 
experiments  is  shown  in  Fig.  7-3-1.  When  excitation  is  ap¬ 
plied  the  electric  field  is  essentially  located  in  the  area 
defined  by  the  back  electrode,  hence  the  dimensions  of  this 
electrode  determine  the  cross  section  of  the  acoustic  wave; 
electrical  contact  in  this  case  was  obtained  by  direct  spring 
contact  with  a  miniature  phosphor-bronze  bellows  (Fig.  7.3-2). 

7-3-1  ELIMINATION  OF  STANDING  WAVES 

If  the  inactive  end  of  the  light  modulator  is  parallel 
to  the  end  on  which  the  piezoelectric  transducer  is  bonded 
then,  if  no  method  of  absorption  is  provided  for,  the  reflec¬ 
ted  ultrasonic  energy  (assuming  C.W.  operation)  can  be  of 
suf  icient  strength  to  result  in  standing  waves  in  the  light 
modu’ator  provided  the  following  relationship  holds: 


where 

n  =  integer  =  number  of  half  cycles  in  the 
.  light  modulator 

l  =  length  of  light  modulator 

=  frequency  of  electrical  signal  exciting 
transducer 

S  =  sonic  velocity 

the  incremental  change  in  frequency  for  which  standing 
waves  will  reoccur  will  be  given  by: 
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FIG.  7.2.2 -4  DIFFRACTION  PATTERN  CAUSED  BY  INCIDENT  WAVE  AND  FIRST 

TWO  REFLECTIONS  FROM  36°  WEDGE 
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In  the  particular  cases  under  consideration* 
l  Z  .101  m 

S  m  3760  m/sec  for  shear  waves 
8  ■  5968  m/sec  for  compression  waves 

From  which: 


dfA  j  Z  19  khz 
shear 

Afi  |  Z  30  khz 
compression 

This  phenomenon  was  observed  in  the  initial  experi¬ 
ments.  In  the  experiments  a  5m-  slit  was  used  in  the  meas¬ 
urement  of  the  photodetector  current  resulting  from  the  dif- 
racted  first-order  peak  light  intensity  (sec.  7.3-2  See 
Fi9-  7. 3* 2-1).  This  slit  width,  however,  permitted  the 
first-order  fringes  for  the  shear  and  compression  modes  to 
shift  along  the  u  axis  by  amounts  corresponding  to  approxi¬ 
mately  30  khz  and  47  khz  respectively,  without  causing  the 
peak  intensities  to  fall  outside  the  region  in  the  image 
plane  covered  by  the  slit.  Thus  for  any  given  position  of 
the  scanning  slit, it  was  possible  to  obtain  at  least  two 
peaks  in  first-order  light  intensity  by  making  relatively 
slight  (i.e.,  19  khz  and  30  khz)  changes  in  the  oscillator 
frequency  which  was  always  in  the  50  MHz  to  100  MHz  range. 

Since  the  electro-optical  array-antenna  processor  as¬ 
sumes  the  existence  of  progressive  waves  in  the  light  modu¬ 
lator,  it  was  necessary  to  eliminate  the  standing  waves  in 
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order  to  obtain  relevant  experimental  data.  One  method  of 
achieving  this  was  to  provide  for  absorption  of  ultrasonic 
energy  by  covering  the  inactive  end  with  a  cerroseal  coat¬ 
ing.  A  second  method,  however,  was  found  to  eliminate  the 
possibility  of  standing  waves  completely.  In  this  case  a 
36  deg  wedge  was  cut  on  the  inactive  end  of  the  light  modu¬ 
lator,  the  choice  of  angle  being  selected  to  provide  for  four 
reflections  (assuming  no  ultrasonic  mode  conversion)  to  take 
place  in  the  "wedge  region"  before  the  beam  can  escape  and 
enter  the  portion  of  the  light  modulator  which  is  exposed  to 
the  incident  light  (Fig.  7. 2. 2-3).  It  was  found  that,  with¬ 
out  providing  for  any  additional  absorption,  this  deflection 
procedure  was  sufficient  to  eliminate  standing  wave  phenomena. 

Although  this  method  was  sufficient  for  these  exper¬ 
iments,  in  an  electro-optical  array-antenna  processor  it 
would  also  be  necessary  to  eliminate  spurious  signals  re¬ 
sulting  from  the  reflected  ultrasonic  energy.  This  might  be 
done  by  employing  the  wedge  and  then  coating  its  surfaces 
with  some  form  of  absorption  medium  to  provide  for  additional 
attenuation  on  each  reflection.  One  absorbing  material  which 
was  tried  was  silver  paint,  and  some  qualitative  results  are 
shown  in  Fig.  7.3.I-I  which  were  obtained  with  the  spatial  fil¬ 
ter  described  in  Sec.  7*2.2.  It  is  seen  that  without  the  ab¬ 
sorber  two  full  reflections  are  strong  enough  to  be  observed, 
but  with  the  silver-paint  coating  the  first  reflection  is  at¬ 
tenuated  and  the  second  is  not  strong  enough  to  be  visible. 

The  results  of  a  more  quantitative  experiment  are 
shown  in  Fig. 7. 3.1-2a  and  b.  The  light  modulator  in  this  case 
was  operating  in  the  compression  mode  and  the  wedge,  which 
was  coated  with  silver  paint,  was  cut  at  an  angle  of  43°  18' 
to  provide  for  ultrasonic  mode  conversion  (Mason  1964) . 
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Without  Silver-Paint  Absorber 


Fig.  7. 3. 1-1 

Schlieren  Photographs  of  Reflections  from 

36°  Wedge  Showing  Effects  of  Silver  Paint  Absorber 
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Peak  light  intensity  in  "b"  i*  approx. 


26  db  below  that  of 


»a  ■ 


-  a  - 


Fig.  7. 3. 1-2 


Photograph  of  First-  Order  Diffraction  Pattern 
Showing  Absence  of  Reflections  From  Observation  Region 
-202- 
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These  photographs  show  &  region  around  the  peak  firsts order 
intensity  which  is  considerably  larger  than  that  which  would 
correspond  to  the  observation  region  of  the  electro-optical 
array-antenna  processor.  In  the  "a"  photograph  the  diffrac¬ 
ted  light  intensity  is  strong  enough  to  exhibit  its  side  lobe 
structure;  in  the  "b"  photograph  the  peak  light  intensity  was 
measured  to  be  approximately  26  db  below  that  of  "a"  and  only 
the  peak  of  the  first  order  is  visible.  Now, as  shown  in  Sec. 
7.2. 2, any  reflections  of  longitudinal  waves  would  lie  on  a 
circle  of  radius:  r  «  -=^  where  f .  is  the  input  frequency 

C  Oq  X 

and  S  is  the  velocity  of  compression  waves;  and  those  of 
^  f  i 

transverse  waves  would  lie  on  a  circle  of  radius  r  «  — 

s  ss 

where  S  is  the  she?x  velocity.  In  fused  silica  however, 

D 

S  and  the  extent  of  this  difference  is 
c 


S  is  smaller  than 
s 

such  that  shear  reflections  lie  outside  the  observation  re¬ 
gion  of  interest;  this  in  fact  was  the  reason  for  the  choice 
of  wedge  angle.  Thus  since  the  exposure  time  for  both  photo¬ 
graphs  was  the  same,  it  is  seen  (by  Fig.  7.3*  l~2b)  that,  in  the 
region  of  interest,  any  reflections  in  Fig.  7.3*l”2a  must  be 
more  than  26  db  below  the  peak  intensity,  otherwise  they 
would  be  observable.  .  From  this  it  may  be  concluded  that  the 
use  of  a  wedge  and  an  absorption  coating  can  effectively  elim¬ 
inate  spurious  reflected  ultrasonic  signals  which  would  cor¬ 
respond  to  false  targets  in  electro-optical  array-antenna 
processors  using  fused-silica  light  modulators. 


7.3.2  MEASUREMENT  OF  TRANSFER  CHARACTERISTICS 

It  has  been  shown  in  Ch.  4  that  for  both  shear  and 
compression  modes: 
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where  s 

=  peak  phase  deviation  of  light  wave  front 

Vm  *  peak  input  voltage 

K  =  constant  (K  for  shear  mode.  K  for 

s  c 

compression  mode) 

The  constant  K  will  depend  on  the  mode  of  propaga¬ 
tion  and,  for  the  compression  mode,  on  the  light  polariza¬ 
tion  (bee  Eqs.  4.5-2  and  4.5-3).  In  thi£  case  the  laser  beam 
was  polarized  perpendicular  to  the  direction  of  ultrasonic 
propagation  which,  in  the  case  of  the  compression  mode,  will 
generally  be  optimal  (Sec.  4.4-2). 

The  experimental  arrangement  for  measuring  as  a 

function  of  Vm  is  shown  in  Fig.  7. 3. 2-1.  The  photomulti¬ 
plier  produces  a  current,  proportional  to  the  output  light 
intensity  at  the  location  of  the  5p.  scanning  slit,  which  is 
passed  through  a  load  resistor  .  Thus,  in  the  actual 
measurement  procedure,  a  voltage  V  was  measured  across  R^ 
which  was  proportional  to  tne  light  intensity  at  the  posi¬ 
tion  of  the  scanning  slit. 

In  determining  the  relationship  between  Vm  and 
use  is  made  of  the  fact  that,  under  the  condition  that 
*(  0.2  radians,  the  ratio  of  first  order  to  zero  order 

IN  —  fl/Z 

light  intensity  is  :  1  (Raman  and  Nath  1936,  Lambert  1962) . 

Thus  if  the  detector  output  voltages  which  are  measured  when 

the  scanning  slit  is  positioned  at  the  center  of  the  zero- 

order  and  first-order  diffraction  fringes  are  respectively, 

V  and  V  ,  then  s 
o  i 

Vi 

TmV  (7.3. 2-1) 

o 
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from  which  may  be  determined, 

m 

Some  of  the  results  obtained  in  measuring  the  trans¬ 
fer  characteristics  of  fused-silica  light  modulators  are 
shown  in  Fig.  7. 3* 2-2  and  7. 3. 2-3.  The  values  for  the  trans¬ 
ducer  depth,  L  ,  was  4  mm  and  5  mm  for  the  shear  and  com¬ 
pression  modes  respectively;  the  input  frequency  f.  was 
adjusted  to  the  resonant  frequency  of  the  transducer  (Sec. 
7.4.1)  which,  for  these  transducers,  was  found  to  be  75  MHz 
and  85  MHz  as  indicated. 

It  is  seen  that  a  linear  relationship,  necessary  for 
electro-optical  array-antenna  processing,  exists  between 
and  Vm  .  A  quantitative  measure  of  the  constant  of  propor¬ 
tionality  in  these  cases  can  be  obtained  by  drawing  straight 
lines  through  the  data,  as  indicated  in  tne  figures,  and  from 
which  for  these  configurations: 

=  .00116  V  shear  mode 
m  m 

^m  *  • 0024  V  compression  mode 

7.3.3  FIRST-ORDER  DIFFRACTION  PATTERNS  OBTAINED  WITH  FUSED- 

SILICA  LIGHT  MODULATOR 

Since  the  information  in  the  electro-optical  signal 
processor  is  contained  in  the  structure  of  the  diffraction 
patterns,  one  of  the  requirements  of  the  light  modulators 
is  that  they  introduce  no  optical  distortion  resulting  from 
ultrasonic  propagation  in  the  light  modulator  medium;  i.e., 
the  acoustic  wave  must  act  as  a  pure  diffraction  grating  pro¬ 
ducing  a  first-order  diffraction  pattern  consistent  with  the 
aperture  dimensions  and  the  frequency  of  excitation.  For  an 
aperture  of  length  D  (dimension  along  direction  of  sonic  pro¬ 
pagation)  and  an  electrical  excitation  of  frequency  f ^  ,  the 


LIGHT  PHASE  DEVIATION  (RADIANS) 
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F  ’u, 
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FIG.  7.3.2-3  PEAK  PHASE  MODULATION  v«  PEAK  INPUT  VOLTAGE  FOR  A  FUSED - 

SILICA  LIGHT -MODULATOR  EMPLOYING  COMPRESSION -MODE  TRANSDUCER 


The  first-order  intensity  therefore  is,  theoretically, 
a  replica  of  the  zero- order  pattern,  with  its  peak  occurring 
at  the  points 

u  -  f 


The  output  variable  u  is  given  by: 

fi  5 

u  “  S  =  AF 

where i 

xi  *  linear  displacement  of  first-order  peak 
intensity 

A  *  light  wavelength 
F  ■  focal  length  of  integrating  lens 

In  these  experiments:  A  =  6328  x  IO"10  m  ,  F  >«  1  m  ,  and 
since  this  measurement  employed  a  light  modulator  with  a 
compression  transducer  for  which: 

f±  =  70  MHz 
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S  »  sonic  velocity  5968  m/sec 

then  theoretical  displacement  of  peak  first-order  intensity 
would  be: 

■  7.42  mm  . 

Using  the  scanning  apparatus  shown  schematically  in 
Fig.  7. 2. 1-2, the  first-order  light  intensity  distribution  was 
recorded  (Fig.  7.3*3"1)  using  a  phase  deviation  of  Vm  *  0.2 
radians.  The  aperture  dimensions  in  this  case  were: 

D  =s  30  mm  (length  of  aperture  along  dimension 
of  sonic  propagation) 

b  *  4  mm  (width  of  aperture  =  width  of  trans¬ 
ducer)  . 

Since  the  direction  of  sonic  propagation  is  in  the 
x  direction,  only  the  output  distribution  as  a  function  of 
the  output  variable  u  is  of  interest.  The  location  of 
peak  first-order  intensity  was  found  experimentally  to  be: 

x  =  7. 50  mm  . 
x 

This  distribution  may  be  compared  with  that  of  the 
zero  order  as  shown  in  Fig.  7. 3- 3-2.  It  is  seen  thac  the 
light  intensity  at  the  first  nulls  is  26  db  below  the  peak 
in  the  zero-order  pattern  as  compared  with  approximately  23 
db  below  peak  intensity  in  the  first  order.  This  may  be 
due  to  errors  introduced  by  the  integrating  lens  which  must 
operate  off  its  optic  axis  in  producing  the  first-order  light 
distribution.  In  general,  however,  it  is  seen  that  the  first- 
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FIG.  7.3.3 -I  POSITIVE  FIRST-ORDER  LIGHT  INTENSITY 
(  COMPRESSION  MODE  ) 
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order  diffraction  pattern  ia  a  nearly  ideal  replica  of  the 
zero  order,  and  that  no  distortion  is  introduced  by  ultra¬ 
sonic  propagation  in  the  medium. 

This  measurement  ia  also  seen  to  be  consistent  with 
the  scattered  light  level  of  the  optical  system.  That  is, 
from  Fig.  7.3-3-1  the  background  level  is  seen  to  be  approx¬ 
imately  35  db  below  the  first- order  peak.  This  peak  however, 
for  a  peak  phase  deviation  of  .2  radians,  is  easily  shown  to 
be  20  db  below  that  of  the  zero  order.  Thus  the  scattered 
light  level  at  «  7500p.  is  approximately  55  db  below  the 
peak  of  the  zero  order  which  agrees  with  results  shown  in 
Fig.  7. 2. 1-6. 


7.4  FUSED-SILICA  LIGHT- MODULATOR  EXPERIMENTS  RELATED  TO 
EVALUATION  OF  SIGNAL-PROCESSING  CAPACITY 

7.4.1  MEASUREMENT  OF  LIGHT-MODULATOR  BANDWIDTH 

This  measurement  employed  the  arrangement  shown  in 

Fig.  7. 3. 2-1.  In  this  case  the  value  of  V  was  held  fixed 

m 

while  the  input  frequency  was  varied.  For  each  frequency 
setting  the  slit  position  was  readjusted  in  order  to  corre¬ 
spond  to  the  location  of  peak  first-order  intensity  and  the 
resulting  photodetector  current  produced  a  voltage,  propor¬ 
tional  to  )2  >  across  the  load  resistor  R  .  Thus 
in 

the  measured  output  voltage  was  a  function  of  the  input  fre¬ 
quency  fi  and  the  experimentally  measured  relative  peak 
phase  deviation  of  the  light  modulator,  as  a  function  of  in¬ 
put  frequency,  can  be  described  by  the  expressions 


10  log 


v(fi) 

»(*„) 


where  fQ  is  the  resonant  frequency  of  the  light  modulator. 
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Figures  7. 4.1-1  and  7. 4.1-2  present  the  bandpass  char¬ 
acteristics  of  the  two  light  modulators  whose  experimentally 
determined  transfer  characteristics  were  presented  in  Sep. 
7.3.2.  It  is  seen  that  the  bandwidths  are  approximately  44 
per  cent  and  64  per  cent  of  the  resonant  frequency  for  the 
shear  and  compression  modes  respectively, which  justifies,  ex¬ 
perimentally,  the  assumption  of  a  50  per  cent  light-modula¬ 
tor  bandwidth  in  the  evaluation  (Ch.  5)  of  the  signal  pro¬ 
cessing  capacity  of  fused-silica  light  modulators. 

7-4.2  INTERNAL- REFRACTION  EFFECTS;  DETERMINATION  OF  LOWER 
BOUND  ON  TRANSDUCER  DEPTH 

In  Sec.  5.2.2  it  has  been  shown  that,  in  this  elec¬ 
tro-optical  processor,  the  minimum  transducer  depth  which 
would  be  necessary  because  of  internal-refraction  consider¬ 
ations  is  given  by: 

n  S2 

L  -  -frF  (7. 4. 2-1) 

Atl 

where 

nQ  =  equilibrium  value  of  refractive  index 
S  “  sonic  velocity 
f^  =  input  frequency 
~K  =  light  wavelength 

That  is,  for  any  given  value  of  Vm  (assuming  that  Willard's 
criterion  and  the  assumptions  of  Rao  and  Murty  are  not  vio¬ 
lated)  this  value  of  transducer  depth  theoretically  maxi¬ 
mizes  the  effective  phase  modulation  which  has  been  defined 
as: 
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FIG.  7.4.1 -I  BANDPASS  CHARACTERISTICS  OF  FUSED-SSLICA  LIGHT- MODULATOR 

EMPLOYING  ULTRASONIC  SHEAR  MODE 


RELATIVE  PEAK 
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BW  «  55  mHz 
f0  -  85  mHz 


FREQUENCY  (mHz) 


A-32I-S-0302 


FIG.  7.4.1- 2  BANDPASS  CHARACTERISTICS  OF  FUSED-SILICA  LIGHT -MODULATOR 
EMPLOYING  ULTRASONIC  COMPRESSION  MODE 
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sin  7 


m 


{7.4. 2-2) 


where 


— is  the  attenuation  factor  due  to  internal-re¬ 
fraction  effects,  ~ 

7 


m 


7TM,f? 


2no82  * 

The  experimental  verification  of  this  relationship 


(eq.  7. 4. 2-1)  utilized  the  arrangement  shown  in  Fig.  7- 3* 2-1. 
In  this  case  a  fused-silica  light  modulator  with  a  compres¬ 
sion  transducer  was  used,  the  amplitude  of  the  input  pignal 
was  held  at  a  fixed  value „  and  the  input  frequency  was  100 
MHz.  The  peak  first-order  intensity  was  then  measured  as  a 
function  of  transducer  depth,  L,  which  was  varied  from  11  mm 
to  5  mm  in  steps  of  1  mm.  It  was  found  that  the  peak  first-or¬ 
der  light  intensity  was  a  maximum  for  L  »  8  mm.  This  result 
agrees  with  the  theory  developed  in  Sec.  5-2.2  since  the 


value  of  Lopt  (Eq.  5.2.2-11)  for  the  compression  mode  at 


100  MHz  in  fused  silica  is  approximately  8  mm  as  may  be  seen 
in  Fig.  5. 2. 2-4. 

The  results  are  presented,  normalized  to  ^m(8) 

Fig.  7- 4. 2-1. 


in 


It  is  seen  that: 


*  (L) 

rmv  ' 


k  L 
i 


sin  k£L 


k  L 

2 


*m(8) 


k  e 

I 


sin  k^8 


k^- 


where  k  and  k  are  constants,  and  since 
1  2 


y  ■  k  L 

2 


>k  ~ 


7T 

1 5 


l  =  8 


then: 


fm(L)  .  .  ttL 

-  -  sin  ^5 
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and  this  curve  is  included  in  Fig.  7. 4.2-1. 

Thus  although  internal- refraction  effects  will  decrease 
with  the  transducer  depth,  these  results  provide  experimental 
verification  that  there  will  always  be  practical  lower  bound 
on  this  dimension  (Eq.  7. 4. 2-1),  and  that,  in  this  electro- 
optical  processor,  the  transducer  depth  need  not  be  any 
smaller. 


7.4.3  EXPERIMENTAL  STUDIES  OF  ULTRASONIC  BEAM  BROADENING 

AND  CROSS-CHANNEL  COUPLING 

7n  Sec.  5.2.4  it  is  shown  that  the  maximum  number  of 
1 igh t- modulator  channels  which  may  be  fitted  into  an  opti¬ 
cal  aperture  of  a  given  size  is  limited  by  cross  talk  be¬ 
tween  adjacent  channels  due  tc  spreading  of  the  ultrasonic 
wave  in  propagation,  and  possible  electromechanical  cross 
coupling  between  adjacent  transducers.  It  is  easily  shown 
that  the  relationship  of  Eq. (5. 2. 4-1)  is  equivalent  to  a 
light- modulator  configuration  in  which  adjacent  light-modu¬ 
lator  channels  are  separated  by  one  transducer  width,  and 
the  length  of  the  light  modulator  is  given  by* 


where 


■  transducer  width 


(7. 4. 3-1) 


C 

*  -  sonic  wavelength  - 

8  *  It 


Note  that  in  this  configuration  the  ultrasonic  beams  are  al- 

/■*  * 

lowed  to  spread  out  into,  but  not  beyond,  the  opaque  region 
in  between  the  light-modulator  channels. 


r.  % 
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FIG.  7.4.2-I  NORMALIZED  EFFECTIVE  PHASE  MODULATION  vs  TRANSDUCER  DEPTH 
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The  experimental  investigation  of  the  effects  of  beam 
broadening  employed  a  multiple-transducer  configuration  in 
which  two  back  electrodes  were  simultaneously  excited,  and 
the  resulting  pair  of  acoustic  waves  was  photographed  by 
means  of  Schlieren  techniques.  This  was  done  for  both  uhe 
shear  and  compression  modes  under  the  following  conditions: 

(i)  Shear 

b  ■  2  ran 
D  =  75  nun 
f±  *  70  MHz 
S  =  3760  m/sec 

( ii)  Compression 

b  a  2.5  ran 
D  =  JO  mm 
f  i  =  67  MHz 
S  *  5968  m/sec 

and  it  is  easily  seen  that,  in  both  cases,  these  parameter 
values  satisfy  Eq.  (7. 4. 3-1). 

Some  examples  of  the  photographs  which  .were  obtained 
are  presented  in  Fig.  7. 4. 3-1.  It  is  seen  that,  for  both 
modes  of  propagation,  although  the  aperture  length  permits 
some  broadening  to  take  place,  the  ultrasonic  beam  does  not 
spread  out  into  the  adjacent  channel.  This  verifies  Eq. 

(5. 2. 4-1)  for  fused-silica  light  modulators  with  regard  to 
the  effects  of  ultrasonic  diffraction. 
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Shear  Mode 


Compression  Mode 


Fig.  7. 4. 3-1 


Schlieren  Photographic-Study  Showing 
Extent  of  Beam  Broadening 
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In  crdsr  to  investigate  other  possible  sources  of 
cross-channel  coupling,  additional  multiple -transducer  ex¬ 
periments  were  performed.  In  one  experiment,  for  both  the 
shear  and  compression  modes,  the  experimental  configuration 
employed  two  electrodes  3  n»m  wide  with  a  separation  of  2  ram; 
the  input  frequency  in  this  case  was  75  MHz.  In  the  Schli- 
eren  photographs  of  Figs.  7.4.3“2a  and  7.4.3"3a*  hoth  elec¬ 
trodes  were  excited  by  a  low  voltage  and  the  exposure  time 
was  approximately  1  sec.  One  electrical  connector  was  then 
removed,  the  back  electrode  was  left  in  place,  and  a  simi¬ 
lar  photograph  was  taken  using  an  electrical  excitation  10 
times  as  large  (Fig.  7-4.3“2b  and  3b)  •  Mow  it  is  evident 
that  any  deleterious  electromechanical  cross  coupling  would 
cause  a  spurious  signal  to  be  generated  at  the  unexcited 
electrode.  No  such  signal,  however,  wan  visible.  Thus  since 
it  is  possible  to  observe  an  acoustic  wave  resulting  from  an 
excitation  one  tenth  oi  that  which  produced  these  photographs 
then,  by  linearity  of  and  Vm  ,  any  diffracted  light  in¬ 

tensity  resulting  from  electromechanical  cross  coupling  is 
verified  to  be  suppressed  by  more  than  20  db  for  this  con¬ 
figuration. 

A  second  similar  experiment  was  performed  in  which, 
for  each  mode,  a  single  electrode  (Figs.  7.4.3~4a  311(1  7.4.3” 
5a)  7  mm  wide  was  excited  by  a  low  voltage  signal.  This  ex¬ 
periment  used  different  transducers  from  above  and  the  fre¬ 
quency  was  70  MHz.  The  electrode  was  then  divided  in  half  by  a 
scratch,  which  effectively  produced  two  3.5  mm  electrodes 
separated  by  less  than  .5  and  a  photograph  was  taken 
(using  the  same  exposure  as  before)  of  the  beams  produced 
by  exciting  one  of  the  halves  by  a  signal  10  times  as  large 
(Figs.  7.4.4-4b  and  5b).  In  the  case  of  the  shear  trans¬ 
ducer  the  excited  electrode  happened  to  be  located  equidis- 
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DIRECTION  OF  ULTRASONIt  PROPAGATION, - ► 

3  inm 

■V  : 

<w 

2  mn{T 

3  mm 

it 

•  \  ■  .  . 

,  Til 

a  -  Both  Transducers  Excited 


Input  Voltage  =  V^n 


b  -  One  Transducer  Excited 


Input  Voltage  =  10  V^n 


Fig.  7. 4. 3-2  Shear- Mode  Transducer  :  Schlieren 

Photographic -Study  of  Cross  Coupling 


-223- 


COLUMBIA  UNIVERS4TY — ELECTRON KS&f? ESMARCH  LABORATORIES 


a  -  Both  Transducers  Excited 
Input  Voltage  =  V^n 


b  -  One  Transducer  Excited 

Input  Voltage  =  10  V^n 


Fig.  7. 4  .3-3 

Compression-Mode  Transducer  :  Schlieren 
Photographic-Study  of  Cross  Coupling 
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x 


i,-l  ram  Electrode 

Input  Voltage  =  Vin 


b  -  Divided  7  mm  Electrode 
Input  Voltage  ■  10  Vin 


Pig.  7. 4. 3-4  Shear- Mode  Transducer  :  Schlieren 

Photographic-Study  of  Cross  Coupling 
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a  -  7  min  Electrode 

Input  Voltage  »  Vj 


b  -  Divided  7  mm  Electrode 

Input  Voltacre  *  10  Vs 

in 


7«^«3“5  Comprenion-Mode  Traneducer  s  Schlieren 
Photographic- Study  of  Croea  Coupling 
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tantly  from  the  unexcited  3*5  half  and  a  second  electrode 
which  was  in  place  from  a  previous  experiment. 

It  is  seen  that,  for  the  compression  mode,  no  spuri¬ 
ous  signal  is  visible  which  ,  by  the  same  argument  used  for 
the  results  of  Figs,  7*^. 3-2  and  7.^.3~3>  verifies  that  very 
closely  spaced  compression  transducers  will  be  isolated  by 
at  least  20  db.  For  the  shear  mode, however,  this  might  not 
be  the  case.  Although  it  may  not  be  readily  apparent  from 
the  reproduction  of  Fig.  7.^.3“^  >  the  original  photograph 
for  the  case  of  the  shear  transducer  showed  faint  traces  at 
the  locations  of  the  passive  electrodes  on  both  sides  of  the 
active  region  which  could  represent  a  spurious  excitation 
arising  from  the  extremely  narrow  separations  in  this  exper¬ 
iment.  Thus  the  results  of  these  experiments  verify  that 
the  choice  of  the  compression  mode  for  the  optimal  processor 
configuration,  as  defined  in  Ch,  5>  is  also  consistent  with 
its  characteristics  with  regard  to  cross- coupling  effects. 


7-5  SUMMARY  AND  CONCLUSIONS  OF  EXPERIMENTAL  WORK 

It  has  been  the  purpose  of  this  chapter  to  present 
some  of  the  results  of  the  experimental  investigations  into 
the  possible  use  of  fused- silica  light  modulators  for  elec¬ 
tro-optical  array-antenna  processing. 

The  electro-acoustic  transfer  characteristics  have 
been  investigated  experimentally  and  been  found  to  be  linear, 
which  has  been  shown  to  be  necessary  for  electro-optical  ar¬ 
ray  antenna  processing,  and  it  has  also  been  established 
that  fused- silica  light  modulators  can  produce  first-order 
diffraction  patterns  free  of  optical  distortion.  These  in¬ 
vestigations  illustrate,  in  general,  the  applicability  of 
this  light- modulator  medium  to  electro-optical  signal  pro¬ 
cessing. 
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Other  experiments  relating  to  the  light- modulator  band¬ 
width,  internal-refraction  effects,  and  the  minimum  spacing 
of  spatially-multiplexed  light  modulator  channels  have  also 
been  performed  in  order  to  provide  experimental  verification 
of  the  results  of  Chap.  5,  which  state  the  significant  gains 
in  signal-processing  capacity  could  be  achieved  with  the  use 

of  fused-silica  light  modulators.  It  has  been  shown  experi¬ 
mentally  that: 

(i)  Light-modulator  bandwidths  which  are  50  per 
cent  of  the  resonant  transducer  frequency  are  easily  ob¬ 
tained. 

(ii)  The  effects  of  internal  refraction  on  the  min¬ 
imum  necessary  transducer  depth  can  be  precisely  determined. 
This  verifies  that  the  transducer  dimensions  stated  in  Ch.  5 
for  the  optimal  configuration  are  realistic. 

(iii)  The  relationship  between  the  maximum  possible 
number  of  spatially-multiplexed  light-modulator  channels  and 
the  dimensions  of  the  optical  aperture,  which  have  been  ob¬ 
tained  for  the  electro-optical  processors  which  have  been 
synthesized  (Lambert  1965) ,  is  valid  for  the  optimal  mode  of 
sonic  propagation  in  fused  silica. 

As  a  result  of  these  investigations  the  evaluation 
of  the  signal-processing  capacity  of  the  fused-silica  Debye- 
Sears  light-modulator  (Ch.  5)  is  experimentally  justified. 
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APPENDIX  A 

BEHAVIOR  OF  ELECTKOMAG2IETIC  PLANE  WAVES 


!*»•  a  ;  '.*!*■  a  f.  :»>  ¥  ;w  ^  (— : » ■?  o 


The  following  describes  how  light  is  affected  in  pass¬ 
ing  through  an  anisotropic  medium  such  as  a  crystal.  It  will 
be  seen  that: 

(i)  In  a  crystal  there  is  a  set  of  principal  dielec¬ 
tric  axes  and  three  principal  dielectric  constants  e  ,  c. 

—  s  •  x  y 

(ii)  For  a  given  energy  density  *t  *»  2w  ,  where  w 
equals  electric  energy  density,  at  each  point  in  the  crystal 
the  D  field  of  a  propagating  electromagnetic  wave  will  obey 
the  relationship: 

d5  •  D I  • 

~  +  +  ~  *  Srrw 
ex  €y  ez  e 

where  x  ,  y  and  z  are  the  principal  dielectric  axes. 

(iii)  This  relationship  for  the  D  field  defines  the 
"ellipsoid  of  wave  normals," 

v*- 

r*  f +  f-- 1 

x  y  z 

in  the  coordinate  system  defined  by  the  principal  axe®.  When 
light  propagates  through  the  crystal  it  is  in  general  split 
into  separate  beams.  The  characteristics  of  these  two  beams 
are  functions  of  the  direction  of  tho  unit  wave  normal,  and 
can  be  described  by  the  following  geometrical  construction: 

Through  the  origin  construct  a  plane  perpendicular  to 
the  direction  of  propagation.  The  intersection  of  this  plane 
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with  the  ellipsoid  of  wave  normals  is  an  ellipse  £  .  Each  of 
the  two  beams  will  be  linearly  polarized  with  mutually  per¬ 
pendicular  directions  of  polarization  along  the  major  and 
minor  axes  of  £  ,  and  with  velocities  of  propagation  which 
are  inversely  proportional  to  the  lengths  of  the  semi-major 
and  miner  axes.  If  the  lengths  of  the  semi-major  and  minor 
axes  are  r'  and  r",  then  the  indices  cf  refraction  for 
light  which  is  linearly  polarized  along  these  axes  will  be 
given  bys 


A-l  D  AND  E  FIELDS  IN  HOMOGENEOUS  ANISOTROPIC  MEDIA 

In  a  material  which  is  electrically  anisotropic*  the 
simple  relationship  ^  ■  el?  no  longer  holds,  and  it  is  ne¬ 
cessary  to  writes 


D  * 

e  E 

+ 

e  E 

>■ 

e  E 

X 

XX  X 

xy  y 

xz  z 

D  * 

e  E 

+ 

e  E 

+ 

e  E 

y 

yz  x 

yy  y 

yz  z 

D  - 

e  E 

+ 

e  E 

+ 

e  E 

z 

ZX  X 

zy  y 

zz  z 

That  is,  the  dielectric  properties  are  described  by  the  nine 

quantities:  e _ ,  e„.  ...j  which  constitute  the  dielectric 

xx  xy 

tensor  of  the  material. 

The  electric  energy  density  in  the  medium  is  given  by: 

t 

4  m-/  ■  •  dB 

e  I 


*  It  is  assumed  that  the  media  under  consideration  are  mag¬ 
netically  isotropic,  that  is:  b  -  throughout. 
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Therefore: 


and 


4rrdw  =  E  dO  +  E  dD  +  EdD 
e  xx  Y  y  .z  z 


EdD'+EdD  +EdD 
x  x  y  y  2  2 


is  an  exact  differential,  and  may  be  written  as: 


E  dD  +  E  dD  +  E  dD  =  d(E*  D)  -  (D  dE  +  DdE  +  D  dE  ) 
xx  yy  zz  f  'xx  yy  z  z/ 


Thus  the  Second  term  on  the  right,  being  the  difference  of 
two  exact  differentials  is  also  an  exact  differential.  There¬ 
fore  : 

dD  dD 

“  cxy  "-3E*  “  £yx  •••  etc- 

and  the  dielectric  tensor  is  symmetric. 


The  electric  energy  density  in  the  medium  may  now  be 
written: 


8ttw  =  E  •  D  =  e  E2  +  e  E2  \  e  E2  +  2t  EE  +  2e  EE  +  2e  EE 
e  xx  x  yy  y  22  2  yz  y  2  X2  x  2  xy  x  y 


This  quadratic  form  is  positive  definite  since  energy  density 
is  nonnegative y  hence  the  right  hand  side  defines  an  ellip¬ 
soid.  Since,  for  rotation  of  axes,  E  .  E  ar*\  E  obey 

x  y  2 

the  same  laws  of  transformation  as  do  the  coordinate  direc¬ 
tions  (x,  y  and  2),  there  exists  a  coordinate  system,  re¬ 
ferred  to  as  the  principal  dielectric  axes  of  the  material, 
and  in  which  the  equation  of  the  ellipsoid  is: 


e  E  +  e  E2  +  e  E2 
xx  y  y  22 


8tiw 

e 
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In  this  principal  coordinate  system  the  material  equa¬ 
tions  take  the  form: 


Dx  -  'jA 


and 


8t!V 


e  Ea  +  e  e* 
XX  yj 


e  E 

y  y 


*€zK 


D  •  C  E 
z  z  z 


Da  Da 

€  €  € 
x  y  z 


(1.1) 


where  e ,  e 


and 


e  are  the  principal  dielectric  con¬ 


stants.  Thus  D  and  1  will  have  different  directions  un- 
less  E  lies  along  one  of  the  principal  axes,  or  unless 


£x"ey 


ez  ,  in  Which  case  the  ellipsoid  degenerates  into 


a  sphere.  It  will  be  seen  that  this  will  be  the  case  for 
cubic  crystals  and  for  unstrained  amorphous  madia. 


A-2  PLANE  WAVES  IN  ANISOTROPIC  MEDIA 

Consider  a  monochromatic  plane  electromagnetic  wave 

with  frequency  f  and  velocity  -jj  propagating  in  a  uniform 

anisotropic  medium.  Let  the  unit  wave  normal  be  given  by 

s  ,  and  a  radius  vector  by  r  ■.  xi  +  yj  +  sk.  Then  each  of 

^  ^ 

the  vector  quantities  E  ,  D  ,  H  and  B  will  be  propor¬ 
tional  to  exp  j27rf  £-*(r  •  s)-tj  .  In  this  notation,  the  op¬ 
eration  is  equivalent  to  multiplicaticn  by  -j27rf  ,  and 

rb  is  equivalent  to  multiplication  by  j2tff  ~  s„  ,  There¬ 
on  Se  -*  -► 

fore:  -rr  «  -j27TfE  and  V  X  E  ■  j27Tf“  s  X  E  . 

CJt  c 


Since  theve  are  no  currents.  Maxwell's  equations  for 
the  medium  are: 
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J- 


which  may  be  written  as: 


ns  X  H  *  -  D 


ns  x  E  ■  B  ■ 


by  direct  substitution 


.  .*  -» 


- 
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It  was  seen  in  the  preceding  section  that, in  an  aniso- 
tropic  medium,  D  and  E  are,  in  general,  not  collinear. 

Let  the  angle  between  D  and  E  be  denoted  by  a  .  The 
Poynting  vector,  S  ■  -j—p  E  X  H  ,  defines  the  direction  of 
flow  of  energy,  which  is  denoted  by  the  unit  ray  vector 

-►  C 

t  «  •  Thus,  in  anisotropic  media  there  are,  in  general, 

I  S  I  -+  ■* 

two  sets  of  orthogonal  vector  triplets;  D  ,  H  and  s  ,  and 

E  ,  H  and  t  .  The  angle  between  ^  nnd  I3  is  equal  to 
that  between  D  and  E  .  Hence  the  direction  of  the  unit 
wave  normal  and  the  direction  of  energy  flo**'  will,  in  gen¬ 
eral,  not  be  the  same. 

A- 3  FRESNEL1  S  FORMULAE  FOR  PROPAGATION  OF  LIGHT 

IN  CRYSTALS 

It  will  now  be  seen  that  any  plane  wave  incident  on 
an  anisotropic  medium  will  be  split  into  two  separate  line¬ 
arly  polarized  waves,  each  with  its  own  phase  velocity. 

In  a  coordinate  system  coincident  with  the  principal 
dielectric  axes,  Eq.  (2.3)  may  be  written: 

-  n2  [*Ek-  sk(s*  E)J  k-x,y,z 

(3.1) 


then 


8  E 

X  X 


n2s2(s  •  E) 
n2  -  M.ev 


s  E 

y  y 


n2s2(s  •  E) 


n2-  He, 


s  E 
zz 


n2s2(s  -E) 
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vx  *  Vy  an<*  vz  are  constants  depending  on  the  physical 
constants:  ex  >  ey  »  and  p,,  of  the  medium.  Hence ,  for 
every  direction  s  ,  the  above  expression  becomes  a  quadra¬ 
tic  equation  yielding  two  solutions  for  the  variable  V2  . 

For  each  value  of  V2  there  are  two  values.  -  V  .  How- 
•  *  P 

ever,  -V  evidf/.’.ly  corresponds  to  the  direction  -s  .  and 

_  ,  *  t  it  * 

only  two  separate  values,  Vp  and  Vp  ,  are  actually  ob¬ 
tained.  These  values  of  Vp  may  now  be  used  in  Eqs.  (3.3) 
to  obtain  the  ratios  Ex  !  ^y  5  seen  that  these 

ratios  are  real.  Therefore  the  quantities  Ex  ,  E  and 
*  which  in  general  are  complex,  and  which  are  the  x  ,  y 

and  z  components  of  the  vector  which  describes  the  direc- 
.  #  -* 

tion  of  vibration  of  E  ,  are  all  in  phase.  Thus  the  light 
must  be  linearly  polarized. 

1 

To  summarize,  it  is  seen  that  an  electrically  aniso¬ 
tropic  medium  permits  two  monochromatic  plane  waves,  with  two 
different  phase  velocities,  and  two  different  linear  polar¬ 
izations,  to  propagate  in  any  given  direction.  .  It  will  be 
seen  in  the  next  section  that  these  directions  of  polariza¬ 
tion  are  mutually  perpendicular. 

A- ^  EXACT  DETERMINATION  OF  ELOCITIES  OF  PROPAGATION  AND 

DIRECTIONS  OF  POLARIZATION  BY  GEOMETRICAL  CONSTRUCTION 

An  ellipsoid  given  by: 


referred  to  as  the  ellipsoid  of  wave  normals  (Born  and  Wblf 
1964),  may  be  obtained  from  Eq.  (l.l).  x  ,  y  and  z  refer 
to  the  principal  dielectric  axes.  A  procedure  for  determin¬ 
ing  the  two  phase  velocities  V*  and  v"  .  and  the  direc- 

p  p 

tions  of  polarization  for  an  electromagnetic  wave  with  arbi- 
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trary  unit  wave  normal  s  ,  can  be  defined  in  terms  of  the 
ellipsoid  of  wave  normals.  It  is  as  follows:  construct  a 
plane  through  the  origin  perpendicular  to  t  .  The  intersec¬ 
tion  of  this  plane  with  the  ellipsoid  of  w^ve  normals  will  be 
an  ellipse,  £  .  The  directions  of  polarization  for  the  two 
waves  will  lie  along  the  directions  of  the  major  and  minor 
axes  of  £  ,  and  the  velocities  of  propagation  for  these  two 
waves  will  be  inversely  proportional  to  the  lengths  of  these 
semi-major  and  minor  axes.  More  precisely,  if  the  lengths  of 
the  semi-major  and  semi-minor  axes  are  r*  and  r"  ,  then 
the  indices  of  refraction,  n*  and  n"  ,  for  light  which  is 


By  Eq.  (1.1),  tho  components  of  the  vector  D  ,  for  a 
given  energy  density  w  -  2wfi,  satisfy  the  relationship: 


make  the  change  of  variables : 


As  a  result  we  obtain  the  ellipsoid  of  wave  normals: 


whose  semi-axes  are  equal  to  the  square  roots  of  the  princi¬ 
pal  dielectric  constants. 


Consider  the  following  sketch: 


COLUMBIA  UNIVERSITY 


s  denotes  the  unit  wave  normal  of  a  plane  wave  propagating 
through  the  medium.  The  plane  through  the  origin  perpendic¬ 
ular  to  s  is  the  locus  of  points  r  ■  x!  +  yj  +  z&  such 
that  r  •  s  -  0.  The  intersection  of  this  plane  with  the  el¬ 
lipsoid  of  wave  normals  is  an  ellipse ,  £  . 


It  is  evident  that  of  all  the  points  on  the  intersec¬ 
tion  of  the  plane  r  •  s  with  the  ellipsoid  of  wave  normals, 
the  end  points  of  the  major  and  minor  semi-axes  of  $  are, 
respectively,  farthest  from  and  closest  to  the  origin.  Hence 
finding  the  semi-axes  of  $  is  equivalent  to  finding  the  ex¬ 
trema  of  r2  =  x2  +  y2  +  z2  ,  with  the  constraints: 
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These  extrema  may  be  found  by  the  method  of  La- Grange  «s  mul¬ 
tipliers.  It  involves  finding  the  extrema  of: 

P  =  x2  +  y2  +  z2  +  2*x(xsx  +  ysy  +  zsz)  +  \  ^ 

where  2Xi  ,  and  Xg  are  undetermined  multipliers. 

The  extrema  of  F  are  points  at  which  the  partial  de¬ 
rivatives  of  F  with  respect  to  x  ,  y  and  z  all  vanish. 
Hence  these  extrema  must  have  coordinates  x,y  and  z  such  that: 

x  +  Vx  +  X,  ■£  -  0  -  y  *  \8y  +  \  f  -  0  - 

x  *  y 


z  + 


X  s  + 
1  2 


a  e. 


(*o) 


Because  of  the  constraints  (Eqs.(4.1)  and  (4.2)),  multiply¬ 
ing  these  expressions  by  x  ,  y  and  z  ,  respectively,  and 
adding  gives: 

rz  +  X  =0 
s 


Next  multiply  each  expression  by  s^  ,  sy  and  sz  ,  respec¬ 
tively,  and  add.  We  then  obtain,  because  of  Eq.  (4.1): 


X 

x 


+  X 


/ 


xs. 


-  0 


Finally,  by  direct  substitution  of  X  and  x  into  Eq.  (4.3) 
we  have: 


x 


+ 


l !x 

€ 

y 


o 


(4.4) 


and  two  more  similar  expressions  for  y  and  z  . 
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Thus  there  are  three  homogeneous  equations  in  terms  of 
the  variables  x  ,  y  and  z  .  A  nontrivial  solution  will 
exist  only  if  the  determinant  vanishes  j  a  condition  which 
gives  an  algebraic  expression  for  r2  and  the  extrema  may  be 
obtained. 


To  obtain  the  desired  results  recall  that,  with  re¬ 
spect  to  the  princ4pal  axes: 


x 


D  -  e  E 
x  x  y 


and  by  Eqs.  (2.3)  and  (2.4): 


r2  ■  x2  +  y2  +  z2 


M!  „  i£l!  .  Jpl^  .  nf. 
K  E  •  D  u. 


then  Eq.  (4.4)  becomes: 


B  n  _>. 

+  77J!-e) 


0 


and 

(iOr  *  n2[  Ek  -  sk(s  •  "!)]  k  «  x,y,z 


(4.5) 


It  is  seen,  therefore,  that  the  two  roots  of  r  from 
the  determinental  equation  defined  by  (4.4),  and  which  are 
the  lengths  of  the  semi-major  and  minor  axes  of  £ ,  deter¬ 
mine  the  two  values  of  V  and  n  ,  since: 

P 


»  r-  * 

VP^I 


_  I! 

and  r''  ■  — 


Further,  note  that  Eqs.  (4.5)*  which  are  equivalent  to 
Eq.  (4.4),  are  identical  to  Eqs,  (3.1)  from  which  it  was  orig¬ 
inally  shown  that  two  values  of  phase  velocity  V  will  oc- 

Jr 
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cur.  Therefore,  the  two  sets  of  solutions  of  Eq.  (4.4),  say 
(x1,  y',  z»)  and  (x",  y" ,  z"),  Which  determine  the  coord i 
nate  of  the  major  and  minor  semi-axws  of  $  ,  equivalently 
determine  two  vectors  D’  ■  (D'  ,  D»  ,  D')  and  D"  »  (D"  , 
Dy  *  D 'z^  which  must  also  lid  along  the  major  and  minor 
axes  of  S  .  Thus  the  directions  of  polarization  and  the  cor 
responding  velocities  are  completely  determined  by  the  ori¬ 
entation  and  lengths  of  the  serai-major  and  minor  axes. 


i 


♦  1 


B-l  CUBIC  SYSTEM 


The  photoeiastic  matrix  for  an  amorphous  medium  will 
be  determined  by  first  considering  a  cubic  system.  In  a  cu¬ 
bic  system  the  three  principal  axes  ere  mutually  equivalent 
and  the  three  principal  dielectric  constants  are  therefore 
equal.  Thus  the  ellipsoid  of  wave  normals  degenerates  to  a 
sphere  -riven  by: 


where 


i 


When  the  medium  is  subjected  to  a  set  of  stresses  and 
strains  the  ellipsoid  of  wave  normals  becomes  (Coker  and 
Pilon  1957,  Mueller  1938): 


a  x2  +  a 
xx 


yy1^  +  azz2< 


+  2ayzyz  +  2axzxz  +  2axyxy  -  1  , 


and  the  a^'s  are  obtained  from  Eq.  (4.2-2)  in  Ch.  4  which 


is  written  in  matrix  form  as: 

a  -  PS 


where 

1  ■" 

a 

XX 

e 

"  Sxx  “ 

a 

yy 

_  l 

e 

syy 

i  - 

8lzz 

ayz 

J. 

e 

9 

s  - 

Szz 

Syz 

i 

axz 

Sxz 

j 

V 
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Now  consider  a  new  set  of  principal  axes,  x',  y',  and 
z',  obtained  by  reversing  some  of  the  original  coordinate  di¬ 
rections  (i.e.,  x’  ■ -x  ,  y'  ■ -y  ,  and  z'  ■  z  ,  etc.). 
Because  of  the  equivalence  of  the  principal  directions  the 
P  matrix  mu*t  be  invariant  under  any  such  transformation  of 
coordinates  and: 


PS1 


where  the  elements  of  the  tensors. 


axx 

axy 

aiz 

axy 

ayy 

ayz 

a 1 
xz 

L 

ayz 

a ' 
zz 

Six 

fiz 

2 

S' 

xz 

2 

fiz 

2 

syy 

syz 

2 

S' 

XZ 

-  2 

SYz 

2 

S' 

zz 

are  obtained  from  the  quantities  in  the  unprimed  system  by 
the  laws  of  tensor  transformation. *  In  cases  of  coordinate 
transformations  of  the  form:  x'  ■ -x  ,  y'  ■ -y  ,  and  z' 

■  z  ,  however,  the  primed  quantities  can  be  written  down 
by  inspection,  i.e., 

*  The  (x,y)  component  of  shear  strain  is  defined  as  ^ 
syx.  When  the  strain  components  are  represented  tensor  form, 
however,  it  is  necessary  to  include  the  factor  of  £  in  the 
off-diagonal  terms  (Sokolnikoff  1956). 
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and  therefore  MP  ■  pm  for  all  ouch  tr ana formation*  of  prin¬ 
cipal  axes.  It  will  now  be  seen  that  successive  applications 
of  this  rule  for  various  transformations  will  result  in  the 
P  matrix  of  the  form  as  showx,  in  Sec.  4.2  of  Ch.  4. 

For  the  above 
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PM  - 


i  ■ 

l 


41 


51 


hence 


42 


52 


43 


53 


14 


-P, 


14 


■P14 

-P15 

• 

'P24 

-P25 

• 

,P34 

-P35 

• 

P44 

-P45 

P43 

P54 

“P5S 

P53 

P34 

PB5 

• 

14 

0  etc. 

Next  consider  the  transformation:  x*  ■  x  ,  y*  ■  -y  , 
z’  ■  -z  ,  for  which 

■»  — 

1  0  0  0  0  0  ' 

0  1  0  0  0  0 

0  0  1  0  0  0 

M  - 

0  0  0  1  0  0 

0  0  0  0  -1  0 

0  0  0  0  0  -1 
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Hence,  thus  far: 


0  p 


P  P  P 

61  62  63 


54 

0 


-O 


“P 


“P 


“P 


45 


16 

26 

35 

0 


-p  0 

55 

0  -p  ‘ 
66 


P11 

P12 

P13 

0 

0 

0 

P21 

P22 

P2  3 

0 

0 

0 

P31 

P32 

P33 

0 

0 

0 

0 

0 

0 

P44 

0 

0 

0 

0 

0 

0 

P55 

0 

0 

0 

0 

0 

0 

P66_ 

In  order  to  obtain  symmetry,  consider  the  permutation 
x'  »  z  ,  y'  »  x  ,  z«  «  y  for  which 


M 


0 

1 

0 

0 

0 

.0 


0 

0 

1 

0 

0 

0 


1  0 
0  0 
0  0 
0  0 
0  1 
0  0 


0 

0 

0 

0 

0 

1 


o' 

0 

0 

1 

0 

0. 


.046- 


t  4 


1 


.ms  jaBC'n' 
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thus 


P31 

P32 

P33 

0 

0 

0 

Pxx 

p12 

P13 

0 

0 

0 

P21 

p22 

P23 

0 

0 

0 

0 

0 

0 

0 

0 

P88 

0 

0 

0 

P44 

0 

0 

0 

0 

0 

0 

p33 

0 

pl2 

P13 

P11 

0 

0 

0  ‘ 

p22 

P  <23 

P21 

0 

0 

0 

P32 

P  3  3 

P3X 

0 

0 

0 

0 

0 

0 

0 

0 

P44 

0 

0 

0 

p55 

0 

0 

0 

0 

0 

0 

Poe 

0 
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?11 

P12 

P13 

0 

0 

3 

'  13 

pn 

P12 

0 

0 

3 

'  12 

P13 

P11 

0 

0 

0 

0 

0 

P44 

0 

0 

0 

0 

0 

P44 

0 

0 

0 

0 

0 

-  y 

,  y 

*  X  , 

z 1 

■  z  , 

0  1 
1  0 
0  0 
0  0 
0  0 
0  0 


0  0 
0  0 
0  0 
0  1 
1  0 
0  0 


from  which  p  ■  p 

13  12 


B-2  AMORPHOUS  MEDIA 


For  the  cubic  system  all  transformations  of  ths  prin¬ 
cipal  axes  involved  90  deg  or  180  deg  rotations.  In  the 
case  of  an  amorphous  medium  the  p  matrix  must  be  invari¬ 
ant  for  all  angles  of  rotation.  This  rule  could  have  been 
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applied  immediately,  but  is  simpler  to  apply  at  this  stage 
since  many  of  the  's  have  vanished.  Consider  the  fob 
lowing  sketch: 


then,  by  the  rule  of  transformation  of  tensors 


Using  this  rule  it  is  seen  that: 


ro  to  h 
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r 


L' 


11 

52  - 
21 

0 

0 

0 


b  b 
11  21 


12 

i* 

22 

0 

0 

0 


b  b 
12  22 


0 

0 

1 

0 

0 

0 


0 

0 

0 

) 

22 

) 

12 

0 


0 
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Note  that  the  factor  of  }  in  the  formulation  of  the 
stra  i  tensor  has  modified  this  transformation  somewhat.  In 
this  case,  M^P  ■  PM^ ;  hence  the  elements  of;  * 


2  2 
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are  equal  to  those  oft 
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APPENDIX  C 


DETERMINATION  OF  R(u,v) t  BAND -LIMITED  CASE 


Using  white  noise  as  an  example  it  has  been  shown  in 
Sec.  6.4.1  that  the  output  light  intensity,  in  the  band-lim¬ 
ited  case,  is  given  by: 

fs 

2  .  . 

R(u,v)  »  Z2(v)  NKW  D2  /  sin  TTDU-flM  dA 

°  B  L  TO(a -0)  J 
8 

“  2 


in  Fig. 
Of  0  * b 
of 


The  value  of  the  integral  is  equal  to  the  shaded  area 
6. 4. 1-1.  It  is  seen  that  this  value  is  a  function 
u-fo  which  specifies  the  position  of  the  main  lobe 


It  is  convenient  for  computation  to  express  <p  ass 

kB. 


0 


S 


k  =  constant 


Thus  for  k  *  0  the  main  lobe  will  fall  at  the  center 
of  the  integration  region.  The  integral  is  an  even  function 
of  k  ,  and  as  |  k  |  varies  from  0  to  1  the  main  lobe  tra¬ 
vels  towards  the  edge  of  the  region;  for  |  k  |  >  1  the  main 
lobe  falls  outside,  etc.  Hence  letting  x«D(A-0)  : 


B_ 


.  «&-♦) 

l  (■**“)* 
d(4-*) 


B 


1 

D 


D-^(l-k) 

c  /  .  '  2 

J  fain  7rx 


B 


7TX 


E) 
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and  since,  as  is  shown  in  Sac.  6.4.1,  DB#  -  M  ,  than* 

fu-*)  ,  .. 

R(u,v)  -  Z*(v)BrH0D  /  (*i^x7rX)  to 

f(-l-k) 


The  rasults  of  avaluating  tha  integral  (denoted  as  ^  ) 
on  a  computer,  for  various  values  of  N  and  k  ,  are  shown 
be  low  t 


M  - 

2 

M 

*  5 

1  *  1 
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1  *  1 

0.00 
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0.00 
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1.20 
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1.00 

.4898 

1.40 

.2617 

1+1 

.0401 

etc. 

1+5 

.0266 

etc. 
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For  M  ■  2  the  width  of  the  main  lobe  exactly  fills 
the  integration  region.  Thus  the  value  of  for  k  ■  0 
shows  that  approximately  90  per  cent  of  the  area  under 
( — ) 2  falls  under  the  main  lobe  and,  in  this  case,  |  k  | 
cannot  vary  too  far  from  zero  before  a  relatively  large  por¬ 
tion  of  the  integrand  will  fall  outside  the  region  |  0  |  <  . 

As  M  becomes  larger,  however,  it  is  seen  that  the  range  c 
of  values  of  j  k  |  <  1  for  which  J-  remains  approximately 
constant  will  increase.  Since  0  ■  #  then  |  k  |  ■  1  -  — 

(M  >  2)  places  the  peak  of  the  integrand  one  half  of  a  main- 
lobe-width  inside  the  integration  region,  and  is  the  largest 
value  of  |  k  |  for  which  the  main  lobe  falls  entirely  inside 
|  0  |  <  _®  .  For  convenience,  values  of  |  k  |  >  1  were  ex¬ 
pressed  as  k  »  {1  n  ■  2,  3>  ^»...»  where  n  gives 

the  number  of  half  main-lobe  widths  that  the  peak  of  the 

3 

integrand  is  outside  the  region  |  0  |  K.  —■  .  Thus  it  is 
seen  from  Fig.  C -1  that, for  M  >  10  ,  the  integral  will  be 
approximately  constant  when  |  k  |  <  1  and,  as  a  result,  band- 
limited  white  noise  can  be  assumed  to  cause  a  uniform  inten¬ 
sity  over  the  observation  region: 


<  u<  fo 


+ 


and  a  neg’igible  contribution  outside 


this  range  of  values. 
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APPENDIX  D 


OPTIMIZATION  OF  DESIGN  OF  FUSED- SILICA  LIGHT  MODULATOR: 

SUMMARY  OF  RESULTS 


This  appendix  presents  a  summary  of  the  results  of 
Chap.  5.  As  before,  it  is  assumed  that  the  electro-optical 
processor  is  to  be  applied  to  a  square  planar  array  antenna. 

It  nas  been  shown  that  signal  processing  capacity 
is  a  function  of  the  operating  frequency,  the  sonic  veloc¬ 
ity,  and  the  size  of  the  optical  aperture^  With  regard  to 
the  latter,  the  nature  of  the  spatial-multiplexing  and  time¬ 
multiplexing  processes  cause  the  width  of  the  aperture, 
rather  than  its  length,  to  be  the  limiting  dimension.  This 
was  shown  in  Chap.  5  in  which  the  maximum  aperture  width 
was  assumed  to  be  6  in.,  and  for  which,  in  each  case  which 
was  considered,  the  required  aperture  length  was  less  than 
1  cm.  Thus  the  expression!?  relevant  to  this  discussion 
may  be  expressed  in  the  following  form  (Eqs.  5.1-3,  5.1“5 
and  5.3-1): 


N 


W2/3  f.2/3 


S2/3 


(D-l) 


W4/3 


8  s4/: 


(D-2) 


where  : 


N  =  number  of  elements  in  each  row 
(and  column)  o^  the  array 
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S  *  aonic  velocity 

fi  «  frequency  of  electrical  Bignal 
exciting  ultrasonic  transducers 

W  m  width  of  optical  aperture 


Recall  that  in  the  derivation  of  these  expressions  the  band¬ 
width,  B,  has  been  assumed  to  be  given  by: 


Equations  (D-l)  and  (D-2)  are  plotted  in  Figs.  D-l 
and  D-2.  It  is  seen  that,  because  of  the  difference  in 
sonic  velocities,  if  the  value  of  f±  jmax  were  the  same 
for  both  modes ,  then  the  shear  mode  would  be  optimal .  As 
is  shown  in  Secs.  5.3  and  5.4  however,  the  high  frequency 
capability  of  the  compression  mode  more  than  compensates 
for  its  greater  sonic  velocity  and,  in  fact,  the  compres¬ 
sion  mode  is  optimal.  This  is  also  shown  in  Figs.  D-l  and 
D-2.  Note  that  in  case  (l)  the  maximum  value  of  N  for 
the  shear  mode  is  slightly  larger  than  it  is  for  the  com- 
Pre**i°n  mode,  and  in  case  ( II )  the  two  quantities  are 
equal.  Thus  the  optimality  of  the  compression  mode  arises 
from  the  greater  bandwidths  which  are  possible  rather  than 
from  the  maximum  possible  antenna  sice. 

Other  important  parameters  are  the  dimensions  of  the 
ultrasonic  transducer.  The  transducer  width  does  not  di¬ 
rectly  affect  processing  capacity  but  must  be  physically 
realizable.  This  dimension  is  given  by» 
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SHEAR  MODE 
S  *  3760  m/uc 


COMPRESSION  MOOE 
S*  3968  m/t«c 


N  «  NUMBER  OF  ELEMENTS 
IN  SQUARE  ARRAY 


W  *  APERTURE  WIDTH  «  6  IN 


S  «  SONIC  VELOCITY 


0  MAXIMUM  FREQUENCY  WITH 
PIEZOELECTRIC  TRANSDUCERS 

A  MAXIMUM  FREQUENCY  IN 
FUSED  SILICA 


FIG.  D-l  NUMBER  OF  ANTENNA  ELEMENTS  IN  ROW  (OR  COLUMN)  OF 

SQUARE  ARRAY  vs.  FREQUENCY  FOR  SHEAR  AND  COMPRESSION 
MODES:  FUSED -SILICA  LIGHT  MODULATOR.  -259- 
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FIG.  0-2  PROCESSING  CAPACITY  v*.  FREQUENCY  FOR  SHEAR  AND  COMPRESSION 
MODES  :  FUSED-SILICA  LIGHT  MODULATOR 
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The  transducer  depth,  L,  has  been  shown  to  have  an 
effect  on  the  operating  frequency  because  of  internal  re¬ 
fraction.  That  is,  the  first  order  light  amplitude  will  be 
attenuated  by  the  factor: 

sin  7 


where 


TTXf  .2 

7  «  - —  L 

2noS* 


and  consequently,  in  order  to  avoid  excessive  attenuation, 
a  restriction  is  imposed  on  the  product  f ? L  . 

It  has  been  shown  in  Sec.  5.2.2  however,  that  the 
smallest  val^a  of  L  which  would  be  necessary  is  given  by: 


n  S2 
o 


(D-4) 


Figures  D~3  and  D-4  present  plots  of  7  V3  L  for 
both  shear  and  compression  modes,  with  f^  as  a  parameter, 
according  to  the  relationship: 


2n  S2 


(D-5) 


The  nominal  values  of  the  constants  have  been  as¬ 


sumed  to  be : 


n  =  1.46 

o 


\  «=  6328  x  10” 10  m 


•  nr- 


4 
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FIG.  D-3  TRANSDUCER  DEPTH  (L)  ve.  /  FOR  SHEAR  MODE 
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FIG.  D-A  TRANSDUCER  DEPTH  (L)  vs.  /  FOR  COMPRESSION  MODE 
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S  |  ■  3760  m/sec 

shear 

h  // 

/  / 

S  |  *  5968  m/sec 

comp. 

Included  on  the  abscissa  with  L  is  .  Thus 

7 

for  any  value  of  L  and  f.  the  corresponding  amount  of 

}-  I  f  r~* 

attenuation  cam  be  determined.  Mote  however  that  if  L  « 

I»opt  then  y  «  —  (Eq.  (D-5) ) .  Thus  the  intersection  of 
the  line  y  *  77  with  the  graph  of  -y  vs  L  for  any  par¬ 
ticular  value  of  the  parameter  f^  determines  the  value 
Of  hopt  for  that  frequency. 

* 

♦  t— • 

i 


i 


fc  -  ;  *>  *  *  -  o*v  * 
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